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not every R-module (R a ring) admits a basis;

Any set can be the basis of a R-module, called free R-module;

Free groups, free crossed modules, ...

Sub... of free is free?
Subgroup of a free group = free (Nielsen-Schreier);

Submodule of a free R-module = free when R principal ideal
domain;

Subcrossed module of a free crossed module? NO (Carrasco,
Cegarra and Grandjean) [CCRGO02].

TODAY:

If we replace groups by any semi-abelian category (e.g. groups, Lie
algebras over a commutative ring, crossed modules),
then we can use the proof of Carrasco, Cegarra and Grandjean
to prove that “crossed modules” are NEVER SCHREIER !
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A crossed module (T, G, d) is given by a morphism of groups
0: T — G and by a group action of G on T (denoted &t) satisfying

9(Et) =gd(t)gt  YO¢ =t

where g€ Gand t,t' € T.

You already know an example

A normal subgroup T of a group G is a crossed module:
0:T—Gand8t=gtg ' fortc TandgeG

A morphism of crossed modules (fr,fs): (T,G,0) — (T',G', )
is a pair of group morphisms fr: T — T’ and fg: G — G’ such
that

Ofr =fcd  fr(8t)="@f(r)
forge Gandte T.

XMod = crossed modules + morphisms of crossed modules.
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My first main message: XMod is not a Schreier variety.

Terminology

In a variety V, we deal with sets endowed with operations satisfying
equations and with functions compatible with the operations;

To define a group, we need three operations
mGxG—=6G, (V1G6G—oG, e {x}—=G

and the equations are the usual ones: associativity, identity element
and inverse element.

Fr
YV~ 1 _Set where U forgetful functor and Fr free functor, i.e.

V)
Fr(X) free object X € Set.

A Schreier variety = a variety where a subobject of a free object is
again free. Example: groups, by Nielsen-Schreier’s theorem.
Counter-example: XMod [CCRG02].
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In a Schreier variety: free <= projective.

Proposition [CCRG02]

If P is a projective group and Q is a projective P-group (i.e. a
group @ with an action of P on Q) then the normal subgroup Q of
Q® x P is a projective crossed module.

Let A and B two crossed modules,
AbB = Ker ((14,0): A+ B — A) <A+ B.

We denote by Fr(X) the free group on the set X.

Proposition [CCRGO02]

The normal subgroup Fr(X)bFr(X) of Fr(X) + Fr(X) is the free
crossed module over the set X.

As a result, XMod is not Schreier: we have a projective crossed
module which is not free!!
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What is a crossed module outside groups?

For a crossed module, we need: (1) 9: T — G a morphism, (2) an
action &t and (3) two conditions;

In a semi-abelian category C (e.g. Gp, Liex, XMod): (1) 9: T — G
a morphism in C, (2) an action £: GbT — T and (3) two
conditions;

For the two conditions: XMod 2 Cat(Gp) leading to
internal crossed modules over a semi-abelian category C [Jan03]
XMod(C) = Cat(C) and XMod(Gp) = XMod;

For today, an alternative definition [HVdL13] for XMod(C): an
action core is given by 0: Go T — T where Go T G + T and
GoT<GHT;

As in groups:

» Any kernel is an internal crossed module;

» Morphisms of internal crossed modules = morphisms in C
compatible with J's and with action cores (¢): Go T — T)
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A special projective crossed module

Proposition [CCRG02]

If P is a projective group and @ is a projective P-group (i.e. a
group @ with an action of P on @) then the inclusion morphism
Q — Q x P is a projective crossed module.

Theorem [Cul26]
Consider a semi-abelian category C. If P is a projective object in C

and if the split extension

P
O%Q%Qme@DP%O

is a projective object in the category of split extensions of P,
then the kernel k is a projective object in XMod(C).
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Why is this a projective crossed module?

Consider a “surjection” (fx,fa): (X,A,0) = (Q, Q Xy P, k) in
XMod(C):

0
_ -
X A< _ 4

N A ~
x| 18&x gal | fa AN

\Z WV \
Qr——>Q Xy P—2P
S

k
1. Lifting of s along fa : g (P is projective);

2. With g, define a section of fx: gx
(the bottom is projective object in SSESp(C));

3. With g and gx, define a section of fa: ga (Q xy P);

4. The pair of sections (gx, ga) is @ morphism in XMod(C)
(“o" characterization - compatible with the actions).
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How to build free crossed modules 7

Proposition [CCRG02]

The normal subgroup Fr(X)bFr(X) of Fr(X) + Fr(X), where X is
a set and Fr(X) is the free group on X, is the free crossed module
over X.

L Fr
XMod(Gp) ~ L _Gp L _ Set
R U

L Fr
XMod(V) "L V™ 1 _Set
R U

where V is a semi-abelian variety.
Lemma [Cul26]
A free crossed module in XMod(V) is given by

(Fr(X)oFr(X), Fr(X) + Fr(X), Ker(x),Fr(x))

for some X € Set.



XMod(V) is not a Schreier variety
Any free crossed module in XMod(V) is given by

KEr - <1Fr(X)70>
PR Fr(X) + Fr(X) — % Fr(X)

Fr(X)bFr(X)

for some X € Set.



XMod(V) is not a Schreier variety
Any free crossed module in XMod(V) is given by

E KFr(X),Fr(X) (1Ar(x)0)
r(X)oFr(X)>——= Fr(X) + Fr(X) —= Fr(X)

i

for some X € Set.
Corollary [Cul26]

For any semi-abelian non-trivial variety V), the variety XMod(V) is
not a Schreier variety.

Sketch of the proof
Consider two different projectives objects P and Y in V, then

Kp.y <1P70>
PYYs—" 5Pt Y—2P
L1

the kernel part is projective in XMod()) but not free since P # Y.
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» C and & abelian categories (as abelian groups, not groups);
» C with enough projectives (every variety);
» F:C — & additive functor.

In C and &, the hom-sets are abelian groups and F preserves this
structure.

Non-additive left derived functors [CRVdL25], we need
» C and & semi-abelian categories (groups, XMod, ...);
» C satisfies condition (P) [CRVdL25];
» C with enough projectives (every variety);
» F:C — & protoadditive functor [EG10] + “conditions”
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What is the condition (P) 7

In a semi-abelian category, condition (P): consider
K f
Kb—>X__—2Y
S

fos=1y and K is the kernel of f, if X is projective then K is
projective.

Examples
Trivial examples: abelian categories and Schreier varieties;

Non-trivial examples: Lie algebras over a commutative ring, XMod,
XMod(V) (V semi-abelian variety satisfying (P)).

The proof of “if V satisfies (P) then XMod(V) as well” is based on
the construction of the special projective crossed module and of the
free crossed modules.




First example of a non-additive left derived functor with

XMod(V)

We can compute the non-additive left derived functor of
7o: XMod(V) — V where
» V is a semi-abelian variety satisfying (P) (e.g. groups, XMod);
» then XMod(V) is a non-trivial example of semi-abelian
varieties satisfying (P);
» mo(X,A,0: T — G):= Coker(0: T — G).
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Today we talked about

The reason why XMod is not a Schreier variety even if Gp is
Schreier;

How the constructions of Carrasco, Cegarra and Grandjean can be
reformulated in XMod(V) (for V a semi-abelian variety):

the construction of a special projective crossed module

the construction of the free crossed modules;

Leading to: for any semi-abelian non-trivial variety V),
XMod(V) is not a Schreier variety;

My motivation for this topic (homological algebra): we can
compute the non-additive left derived functors of
mo: XMod(V) — V (where V is a semi-abelian variety satisfying

(P)).



Happy birthday Manuel Ladra !
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