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Introduction
Structurable algebras

▶ (A, − ) an algebra with involution and unit 1 over a field with
char(F) ̸= 2

▶ Vx,y z = (xȳ)z + (zȳ)x − (zx̄)y

▶ Tz = V1,z

Definition: (A, − ) is a structurable algebra if:

▶ [Tz ,Vx,y ] = VTz x,y − Vx,Tz̄ y

▶ (x − x̄ , y , z) = (y , x − x̄ , z)
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Introduction
Allison-Kantor construction

▶ S = {a ∈ A | ā = −a}

▶ Instr(A, − ) = ⟨Vx,y | x , y ∈ A⟩

K(A, − ) = S︸︷︷︸
−2̄

⊕ A︸︷︷︸
−1̄

⊕ Instr(A, − )︸ ︷︷ ︸
−0̄

⊕ A︸︷︷︸
−1̄

⊕ S︸︷︷︸
2̄
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Introduction
Kantor pairs

Definition: A Kantor pair consists on:

▶ A pair of vector spaces (V+,V−)

▶ A pair of trilinear products

{· · · }σ : Vσ × V−σ × Vσ → Vσ

satisfying some identities (σ = ±).
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Introduction
Automorphisms

Definition: An automorphism of the Kantor pair (V+,V−) is a
pair (φ+, φ−):

φσ : Vσ → Vσ

satisfying:

φσ{x , y , z}σ = {φσ(x), φ−σ(y), φσ(z)}σ
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Introduction
Example

The main example is:

▶ (A, − ) is a structurable algebra,

▶ V+ = V− = A

▶ {x , y , z}σ = Vx,y z (σ = ±)

We denote it V(A,− )
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Introduction
Some properties

char(F) ̸= 3
▶ Aut(V(A,− )) ∼= Aut(K(A, − ))

▶ StabAut(V(A,− )
)(1+, 1−) ∼= Aut(A, − )

▶ If (A, − ) central simple:

Der(V(A,− )) ∼= Lie(Aut(V(A,− ))) ∼= Instr(A, − )
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Structurable algebras
classification

Theorem: (Allison 78, Smirnov 90) Every central simple
structurable algebra over a �eld of characteristic ̸= 2, 3,5 is
isomorphic to either:

▶ a Jordan algebra with the identity involution,

▶ an associative algebra with involution,

▶ a structurable algebra related to a hermitian form,

▶ a twisted form of a tensor product of Hurwitz algebras

▶ a twisted form of an algebra constructed form an admisible triple

▶ the Smirnov algebra T (C)
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Associative algebras
with involution

F = F

Theorem: An associative algebra with involution is isomorphic to
either:

▶ Mn(F) with the transposition

▶ M2m(F) with the symplectic involution:

X̂ = ΩX tΩ−1

with

Ω =

(
0 Im

−Im 0

)
▶ Mn(F)×Mn(F)op with the exchange involution:

ex(X ,Y ) = (Y ,X )
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Associative algebras
with involution

F = F

Theorem: An associative algebra with involution is isomorphic to
either:

▶ 1st Kind Mn(F) with the transposition

▶ 1st Kind M2m(F) with the symplectic involution:

X̂ = ΩX tΩ−1
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Some affine group schemes

▶ VR := V ⊗F R

▶ GLn(R) = {φ : Fn
R → Fn

R |φ invertible }

▶ Gm(A)(R) = A×
R

▶ Gm = Gm(F)

▶ Sim(A, − )(R) = {a ∈ A×
R |aā ∈ R1}

▶ Iso(A, − )(R) = {a ∈ A×
R |aā = 1}
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R |aā ∈ R1}

▶ Iso(A, − )(R) = {a ∈ A×
R |aā = 1}
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Some automorphisms
of V(A,− )

▶ Denote La(b) = ab = Rb(a)

▶ For a ∈ A×, L̃a = (La, Lā−1) ∈ Aut(V(A,− ))

▶ For a ∈ Sim(A, − ), aā = µ(a)1

⇒ R̂a = (Ra,
1

µ(a)Ra) ∈ Aut(A, − )
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Involution of the 1st Kind
Automorphisms of the pair

Theorem: If (A, − ) ∼= (Mn(F), t ) or (M2m(F), ̂):
Aut(V(A,− )) ∼=

Gm(A)× Sim(A, − )

Gm
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Involution of the 1st Kind
Little outline of the proof

▶ Conjugate invertible ⇒ invertible.

▶ a = φ+(1) conjugate invertible ⇒ invertible.

▶ ψ = L̃a−1 ◦ φ⇒ ψ+(1) = 1.

▶ ψ+(1) = 1 ⇒ ψ−(1) = 1.

▶ ψ = L̃c ◦ R̂c−1 , c ∈ Sim(A, − ).

▶ φ = L̃ca ◦ R̂c−1 , ca ∈ Gm(A), c ∈ Sim(A, − ).

Alberto Daza Garcia |



Involution of the 1st Kind
Little outline of the proof

▶ Conjugate invertible ⇒ invertible.

▶ a = φ+(1) conjugate invertible ⇒ invertible.

▶ ψ = L̃a−1 ◦ φ⇒ ψ+(1) = 1.

▶ ψ+(1) = 1 ⇒ ψ−(1) = 1.

▶ ψ = L̃c ◦ R̂c−1 , c ∈ Sim(A, − ).

▶ φ = L̃ca ◦ R̂c−1 , ca ∈ Gm(A), c ∈ Sim(A, − ).

Alberto Daza Garcia |



Involution of the 1st Kind
Little outline of the proof

▶ Conjugate invertible ⇒ invertible.

▶ a = φ+(1) conjugate invertible ⇒ invertible.

▶ ψ = L̃a−1 ◦ φ⇒ ψ+(1) = 1.

▶ ψ+(1) = 1 ⇒ ψ−(1) = 1.

▶ ψ = L̃c ◦ R̂c−1 , c ∈ Sim(A, − ).

▶ φ = L̃ca ◦ R̂c−1 , ca ∈ Gm(A), c ∈ Sim(A, − ).

Alberto Daza Garcia |



Involution of the 1st Kind
Little outline of the proof

▶ Conjugate invertible ⇒ invertible.

▶ a = φ+(1) conjugate invertible ⇒ invertible.

▶ ψ = L̃a−1 ◦ φ⇒ ψ+(1) = 1.

▶ ψ+(1) = 1 ⇒ ψ−(1) = 1.

▶ ψ = L̃c ◦ R̂c−1 , c ∈ Sim(A, − ).

▶ φ = L̃ca ◦ R̂c−1 , ca ∈ Gm(A), c ∈ Sim(A, − ).

Alberto Daza Garcia |



Involution of the 1st Kind
Little outline of the proof

▶ Conjugate invertible ⇒ invertible.

▶ a = φ+(1) conjugate invertible ⇒ invertible.

▶ ψ = L̃a−1 ◦ φ⇒ ψ+(1) = 1.

▶ ψ+(1) = 1 ⇒ ψ−(1) = 1.

▶ ψ = L̃c ◦ R̂c−1 , c ∈ Sim(A, − ).

▶ φ = L̃ca ◦ R̂c−1 , ca ∈ Gm(A), c ∈ Sim(A, − ).

Alberto Daza Garcia |



Involution of the 1st Kind
Little outline of the proof

▶ Conjugate invertible ⇒ invertible.

▶ a = φ+(1) conjugate invertible ⇒ invertible.

▶ ψ = L̃a−1 ◦ φ⇒ ψ+(1) = 1.

▶ ψ+(1) = 1 ⇒ ψ−(1) = 1.

▶ ψ = L̃c ◦ R̂c−1 , c ∈ Sim(A, − ).

▶ φ = L̃ca ◦ R̂c−1 , ca ∈ Gm(A), c ∈ Sim(A, − ).

Alberto Daza Garcia |



Involution of the 1st Kind

Corollary:
▶ Aut(V(Mn(F), t )) ∼= GLn×GOn

Gm

▶ Aut(V(M2m(F),̂)) ∼= GL2m×GSp2m
Gm

Corollary:
▶

▶
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Involution of the 2nd Kind

Theorem: If (A, − ) ∼= (Mn(F)×Mn(F)op, ex ) and n ̸= 1 or
char(F) ̸= 3:

Aut(V(A,− )) ∼=
Gm(A)× Iso(A, − )

Gm
⋊ C2

Corollary: Aut(V(Mn(F), t )) ∼= GLn×GLn×GLn
Gm

⋊ C2

Corollary:
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Involution of the 2nd Kind

Theorem: If (A, − ) ∼= (F× F, ex ) and char(F) = 3:

Aut(V(A,− )) ∼= GL2

Corollary:
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Little Remark

(A, − ) ∼= (F× F, ex ) char(F) = 3

▶ Vx,y (z) = −n(x , y)z

▶ Instr(A, − ) = F

▶ Instr(A, − ) ≁= LieAut(V(A,− ))
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▶ Instr(A, − ) ≁= LieAut(V(A,− ))

Alberto Daza Garcia |



Little Remark

(A, − ) ∼= (F× F, ex ) char(F) = 3

▶ Vx,y (z) = −n(x , y)z

▶ Instr(A, − ) = F
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Thank you!



Bonus Track
Triples

Definition: A Kantor triple consists on:

▶ A vector space T
▶ A trilinear product

{· · · } : T × T × T → T

satisfying some identities:(T,T) with {· · · }+ = {· · · }− = {· · · } is
a Kantor pair.
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Bonus track

Theorem: If (A, − ) ∼= (Mn(F), t ) or (M2m(F), ̂):
Aut(V(A,− )) ∼=

Iso(A, − )× Iso(A, − )

µ2

Theorem: If (A, − ) ∼= (Mn(F)×Mn(F)op, ex ) and n ̸= 1 or
char(F) ̸= 3:

Aut(V(A,− )) ∼=
Iso(A, − )× Iso(A, − )

Gm
⋊ C2

Theorem: If (A, − ) ∼= (F× F, ex ) and char(F) = 3:

Aut(V(A,− )) ∼= O2
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Bonus track

Corollary: If (A, − ) ∼= (Mn(F), t ) :

Aut(V(A,− )) ∼= On(A, − )× On(A, − )µ2

Theorem: If (A, − ) ∼= (Mn(F), t ) (M2m(F), ̂):
Aut(V(A,− )) ∼=

Spn × Spn

µ2

Theorem: If (A, − ) ∼= (Mn(F)×Mn(F)op, ex ) and n ̸= 1 or
char(F) ̸= 3:

Aut(V(A,− )) ∼=
GLn × GLn
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