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Introduction

Structurable algebras

» (A, —) an algebra with involution and unit 1 over a field with
char(F) # 2

> Viyz = (xy)z+(2y)x = (2X)y

Definition: (A, —) is a structurable algebra if:

> [Tz~, Vx.y] — VTZX,y e Vx,sz

= (X_)_(vy7z):(y7x_)_(7z)
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Introduction

Allison-Kantor construction

» S={acA|a=-a}

e ansic(A, — )= (V. [ X,y A)

K(A, —) = 5 @¢@Jnﬁtr(A,—)@¢@
=" ] 55 o

o (e
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Introduction

Kantor pairs

Definition: A Kantor pair consists on:
» A pair of vector spaces (V*,V7)
» A pair of trilinear products

Hooc [ WEES DR 32N =

satisfying some identities (o = +).
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Introduction

Automorphisms

Definition: An automorphism of the Kantor pair (V*,V7) is a
pair (pt, 7 ):

@ E = 0
satisfying:

e’ {x,y,2}° = {97 (x), o~ (¥), ¥*(2)}°
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Introduction

Example

The main example is:
» (A, —) is a structurable algebra,
P ) — A
> (x,y,2}7 = VyZ (0 = £)

We denote it V4, )
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Introduction

Some properties

char(F) # 3
> Aut(Vi4, —)) = Aut(K(A, —))

> Stabay v, ,)(17,17) = Aut(A, —)

» If (A, —) central simple:

Der(Vi4, —)) = Lie(Aut(V 4, —))) = Tnste(A, —)
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Structurable algebras

classification

Theorem: (Allison 78, Smirnov 90) Every central simple
structurable algebra over a field of characteristic # 2,3,5 is
isomorphic to either:

>

\ A A\ S [/

a Jordan algebra with the identity involution,

an associative algebra with involution,

a structurable algebra related to a hermitian form,

a twisted form of a tensor product of Hurwitz algebras

a twisted form of an algebra constructed form an admisible triple
the Smirnov algebra T(C)

Alberto Daza Garcia |



Structurable algebras

classification

Theorem: (Allison 78, Smirnov 90) Every central simple
structurable algebra over a field of characteristic # 2,3,5 is
isomorphic to either:

>

\ A A\ S [/

a Jordan algebra with the identity involution,

an associative algebra with involution,

a structurable algebra related to a hermitian form,

a twisted form of a tensor product of Hurwitz algebras

a twisted form of an algebra constructed form an admisible triple
the Smirnov algebra T(C)

Alberto Daza Garcia |



Associative algebras

with involution

F=F

Theorem: An associative algebra with involution is isomorphic to
either:

» M(F) with the transposition
» Mop(F) with the symplectic involution:

= e

safEliir
=

» M(F) x Mp(FF)% with the exchange involution:

with

ex(X,Y) = (Y, X)
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Associative algebras

with involution

F=F

Theorem: An associative algebra with involution is isomorphic to
either:

» 1st Kind M,(F) with the transposition
» 1st Kind Myp,(F) with the symplectic involution:

= e

safEliir
=

» 2nd Kind M,(F) x Mp(F)% with the exchange involution:

with

ex(X,Y) = (Y, X)
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Some affine group schemes

» Vr =V ®rR
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Some affine group schemes

» Ve =VRrR

» GL,(R) = {¢: F} — FZ|p invertible }
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Some affine group schemes

» Ve =VQrR
» GL,(R) = {¢: F} — FZ|p invertible }

> Gn(A)(R) = Az
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Some affine group schemes

» Ve =V®rR

» GL,(R) = {¢: F} — FZ|p invertible }
> Gn(A)(R) = Aj

» G, = Gn(F)
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Some affine group schemes

» Vp=VQrR

» GL,(R) = {¢: F} — FZ|p invertible }
> Gn(A)(R) = A%

» G, = Gn(F)

» Sim(A, —)(R) ={ac Ajlaac R1}
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Some affine group schemes

» Vp=VQrR

» GL,(R) = {¢: F} — FZ|p invertible }
> Gn(A)(R) = A%

» G, = Gn(F)

» Sim(A, —)(R) ={ac Ajlaac R1}
> Iso(A, — )(R) ={ac Ajlaa= 1}
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Some automorphisms

of Vs, -)

» Denote L,(b) = ab = Rp(a)
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Some automorphisms

of Vs, -)

» Denote L,(b) = ab = Rp(a)

Borac A L= (Lo, Ly < Aut(Via, -))

Alberto Daza Garcia |



Some automorphisms

of Vs, -)

» Denote L,(b) = ab = Ry(a)
B A5 L, — (L, L) e Aub(Va =y)

» For a € Sim(A, —), aa= u(a)l
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Involution of the 1st Kind

Automorphisms of the pair

Theorem: If (A, —) = (Mp(F), !) or (Man(F), 7):

Gm(A) x Sim(A4, —)
Gn

1%

AUt(V(Al = ))
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Involution of the 1st Kind

Little outline of the proof

» Conjugate invertible = invertible.
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Involution of the 1st Kind

Little outline of the proof

» Conjugate invertible = invertible.

» a= o' (1) conjugate invertible = invertible.

> p=Ly10p=yt(1)=1.
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Involution of the 1st Kind

Little outline of the proof

» Conjugate invertible = invertible.
» a= o' (1) conjugate invertible = invertible.
> =L, 10p=yT(1)=1.

= g =1 = aE =1k
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Involution of the 1st Kind

Little outline of the proof

» Conjugate invertible = invertible.

» a= o' (1) conjugate invertible = invertible.
> p=L0p=pt(1)=1.

B (1) =1.

> y=L,0R, 1, ceSim(A —).
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Involution of the 1st Kind

Little outline of the proof

» Conjugate invertible = invertible.

» a= o' (1) conjugate invertible = invertible.
> =L, 10p=yT(1)=1.

B (1) =1.

> =1LcoR, 1, ceSim(A4, —).

» ¢ =Lea0Ry1, cac Gn(A), c e Sim(A, —).
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Involution of the 1st Kind

Corollary:
> AUt(Vipm,(p), 1)) = SkigG0

m
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Involution of the 1st Kind

Corollary:
> AUt(Vipm,(p), 1)) = SkigG0

m

> Aut(V v, r),)) & Glom xGSpyy,

m
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Involution of the 1st Kind

Corollary:
> Aut(Vips, ), 1)) = Slog30n

m

> Aut(V v, r),)) & Glom xGSpyy,

m

Corollary:
> Lie Aut(V(Mn(]F),r)) = gl,(F) @ son(F)
>
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Involution of the 1st Kind

Corollary:
> AUt(Vir, (), 1)) = Sg G0

m

> AUt(V(Mzm(F)f)) o GlonxGSp,,

m

Corollary:
> Lie AUt(V(/\/tn(Hr)7 t )) = gl (F) & sop(F)
> Lie AUt(V(Mzm(F).A)) = g[2m(F) S2] 5}:'2177(1[4‘)
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Involution of the 1st Kind

Corollary:
> AUt(Vir, (), 1)) = Sg G0

m

> AUt(V(Mzm(F)f)) o GlonxGSp,,

m

Corollary:
> Der(Vin(e). ) = 014(F) & s0n(F)
> Lie AUt(V(Mzm(F).A)) = g[2m(F) @ 5}:'2177(1[4‘)
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Involution of the 1st Kind

Corollary:
> AUt(Vir, (), 1)) = Sg G0

m

> AUt(V(Mzm(F)f)) o GlonxGSp,,

m

Corollary:
> Der(Vm,r), 1)) = 915(F) @ s0n(F)
> Der(V(Mzm(F),A)) = gIZm(]F) @ 5p2m(F)
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Involution of the 2nd Kind

Theorem: If (A, —) = (Mp(F) x My(F)%, ex) and n# 1 or
char(F) # 3:

Gr(A) xIso(A, —)
Gn

[l

Al.lt(V(A7 = )) X Cg
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Involution of the 2nd Kind

Theorem: If (A, —) = (Mp(F) x My(F)%, ex) and n# 1 or
char(F) # 3:

Gr(A) xIso(A, —)

Gm X Cg

Aut(V(A = )) =

Corollary: AUt(V(Mn(F)_z)) = %I;”XGL” x Ca
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Involution of the 2nd Kind

Theorem: If (A, —) = (Mup(F) x My(F)%, ex) and n# 1 or
char(F) # 3:

Gn(A) xIso(A, —)

AUt(V(A7 = )) = G

><1C2

Corollary: Aut(V v, ), 1)) = % 1 Oy

Corollary: Lie Aut(Vi v, r), 1)) = 9ln(F) © gl,(F) © pgl,(F)
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Involution of the 2nd Kind

Theorem: If (A, —) = (Mup(F) x My(F)%, ex) and n# 1 or
char(F) # 3:

Gn(A) xIso(A, —)

AUt(V(A7 = )) = G

><1C2

Corollary: Aut(V v, ), 1)) = % 1 Oy

Corollary: Del‘(V(Mn([F)’r)) = g[n(F) SY) g[n(F) SY) pg[n(IF)
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Involution of the 2nd Kind

Theorem: If (A, —) = (F x I, ex) and char(F) = 3:

AUt(V(A" = )) =~ GL,
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Involution of the 2nd Kind
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Involution of the 2nd Kind

Theorem: If (A, —) = (F x I, ex) and char(F) = 3:

AUt(V(AA’ = )) =~ GL;,

Corollary: Der(V 4, —)) = gl
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Little Remark

(A, =)= (F xF,ex) char(F)=3
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Little Remark

(A, =)= (F xF,ex) char(F)=3
B (2= n(x,y)z
» Jnste(A, —)=TF

» Jnste(A, —) # Lie AUt(V(AA’ s ))
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Thank you!



Bonus Track

Triples

Definition: A Kantor triple consists on:
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Bonus Track
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» A vector space T
» A trilinear product

RS R e

satisfying some identities:
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Bonus Track

Triples

Definition: A Kantor triple consists on:
» A vector space T
» A trilinear product

RS R e

satisfying some identities:(T,T) with {---}T ={---}7 ={---}is
a Kantor pair.
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Theorem: If (A, —) = (Mp(F), ) or (Maom(F), 7):

Iso(A, —) xIso(A, —)
M2

Il

AUt(V(A, = ))
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Theorem: If (A, —) = (Mp(F), ) or (Maom(F), 7):

Theorem: If (A, —) = (Mp(F) x My(F)%, ex) and n# 1 or

char(F) # 3:

Iso(A, —) x Iso(A, —)
Gnm

Il
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Bonus track

Theorem: If (A, —) = (Mp(F) x My(F)%, ex) and n# 1 or

char(F) # 3:

Iso(A, —) x Iso(A, —)
Gnm

Il

><]Cg

AUt(V(Av = ))

Theorem: If (A, —) = (F x F, ex) and char(F) = 3:
AUt(V(_A, - )) ~ 0,
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Corollary: If (A, — ) = (Mp(F), !) :

AUt(V(A,,)) = On(A, —) X On(A, - )Hz
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Corollary: If (A, — ) = (Mp(F), !) :

AUt(V(A,,)) = On(A, —) X On(A, - )Hz

Theorem: If (A, —) = (Mu(F), ') (Mom(F), 7):

Sp, x Sp,

Aut(V(A s )) =
M2

Alberto Daza Garcia |



Bonus track

Corollary: If (A, — ) = (Mp(F), !) :

AUt(V(A,,)) = On(A, —) X On(A, - )Hz

Theorem: If (A, —) = (Mu(F), ') (Mom(F), 7):

Sp, x Sp,

Aut(V(A s )) =
M2

Theorem: If (A, —) = (Mp(F) x My(F)%, ex) and n# 1 or
char(F) # 3:

GL, x GL,
————xC

AUt(V(A 3t )) G 0
m

[l
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