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& computational flavour
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Bohemian Correlation Matrices.
Computing the spread.
Eigenvalues of -matrices.
No conclusions but … .

QM

ROADMAP
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ON  
BOHEMIAN 

CORRELATION 
MATRICES

With the help of 
R. Corless, N. Higham, E. Y. S Chan,  

J. Sendra & R. Sendra
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On the number of  
Correlation Matrices  

in the set of NxN  
Bohemian matrices  

when n is fixed

#(BCMn:{0,1})
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Problem at hand
Data:  

Population: 0 and 1 or -1, 0 and 1 or -1 and 1. 
Type of matrices: n x n Bohemian Matrices. 
BMn:{0,1} or BMn:{-1,0,1} or BMn:{-1,1}.

Output:  
For every n, compute the number of correlation matrices in the 
set  BMn:{0,1}: BCMn:{0,1}

Applications:  
Population in the closed interval [-1,1].
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Problem at hand

Nick Higham’s table from Manchester Bohemian Workshop, 2018
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Problem at hand

Out of the 2^binomial(8,2) = 268.435.456 possibilities, there are 

only 4140 correlation matrices giving a proportion of 1.54e-5. 
Computing time was 24 hours and a few minutes.

#(BCM8:{0,1}) = 4140

Nick Higham’s table from Manchester Bohemian Workshop, 2018
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The solution

a(n+1) is the number of (symmetric) positive semidefinite n X n 0-1 
matrices. These correspond to equivalence relations on {1,...,n+1}, 
where matrix element M[i,j] = 1 if and only if i and j are equivalent to 
each other but not to n+1. - Robert Israel, Mar 16 2011

https://oeis.org/wiki/User:Robert_Israel
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The solution
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How computations were performed? 

First approach with Matlab for computing 
eigenvalues giving wrong results for  due to 
precision problems. 

Second approach: Maple but avoiding eigenvalue 
computation.

n = 7

Experiments
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Correlation Matrices:  
Characterisation
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The characterisation

Too many principal minors to check:  for (n
k) 1 ≤ k ≤ n
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Descartes' law of signs:

Descartes law of signs is exact (taking into account the 
multiplicities) when all roots are known to be real.

Descartes Law of Signs
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All eigenvalues of A are nonnegative
if and only if

A is positive semidefinite
if and only if

Alternating signs for the coefficients of the 
characteristic polynomial of  A

Proof: A is symmetric, real and Descartes Rule of Signs

The characterisation
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Example: n=3
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Example: n=3
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Example: n=3

Correlation matrices. Characterisation when :n = 3

P. J. Rousseeuw and G. Molenberghs: The Shape of Correlation Matrices. The American Statistician 
48, 276-279, 1994.
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Example: n=3

CBM3:{-1,0,1}



June 2026, ManoloFest

Example: n=4

Correlation matrices. Characterisation when n = 4:
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#(BCMn:{-1,0,1})  

 #(BCMn:{-1,1})  

……………….. 
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More experiments

n BMn:{-1,0,1} BCMn:{-1,0,1} %

3 27 11 40.74%
4 729 49 6.72%
5 59049 257 0.43%
6 14348907 1282 0.0089 %
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More properties
All matrices in BCMn:{-1,0,1} except the identity are singular. 

The eigenvalues of the matrices in BCMn:{-1,0,1} belong to the 
set   

{0 , 1 , 2 , … , n}  
and there is always, at least, one multiple eigenvalue. 

All matrices in BCMn:{-1,1} have the same characteristic 
polynomial:  

 

#(BCMn:{-1,1}) = 2n-1 . 

BCMn:{0,1} encodes Bell numbers (partitions of a set) and their 
characteristic polynomials encode the partitions of .

λn − nλn−1 = λn−1(λ − n)

n
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More properties
All matrices in BCMn:{-1,0,1} except the identity are singular. 

The eigenvalues of the matrices in BCMn:{-1,0,1} belong to the 
set   

{0 , 1 , 2 , … , n}  
and there is always, at least, one multiple eigenvalue. 

All matrices in BCMn:{-1,1} have the same characteristic 
polynomial:  

 

#(BCMn:{-1,1}) = 2n-1 . 

BCMn:{0,1} encodes Bell numbers (partitions of a set) and their 
characteristic polynomials encode the partitions of .

λn − nλn−1 = λn−1(λ − n)

n

#(BCMn:{-1,0,1})= ?
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Computing 
max {spread(A) : A ∈ Sn ([a, b])}

N. Calkin, R. Corless, L. Gonzalez-Vega, J. Sendra & R. Sendra: 
On the maximal spread of symmetric Bohemian matrices. To 
appear in the IMA Journal of Numerical Analysis (2026).
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Computing the maximum spread 

:  symmetric matrices with entrees in . 

 and   its eigenvalues: 

 

The problem: computing 

Sn ([a, b]) n × n [a, b]

A ∈ Sn ([a, b]) λ1 ≥ … ≥ λn

spread(A) = λ1 − λn

max {spread(A) : A ∈ Sn ([a, b])}
It is enough to study the case ) with .Sn ([a,1]) −1 ≤ a < 1



June 2026, ManoloFest

Computing the maximum spread 

Fallat and King (2012): 
 

Bikorski (2022):  

can only be attained at .

max {spread(A) : A ∈ Sn ([a, b])} = max {spread(A) : A ∈ Sn ({a, b})}
max {spread(A) : A ∈ Sn ([a, b])}

Sn ({a, b})
Conjecture by Fallat and King (2012): 

 max {spread(A) : A ∈ Sn ([a, b])} =

= max {spread(A) : A ∈ Sn ({a, b}), rank(A) = 2}
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Computing the maximum spread 
Conjecture by Fallat and King (2012): 

 max {spread(A) : A ∈ Sn ([a, b])} =

= max {spread(A) : A ∈ Sn ({a, b}), rank(A) = 2}
X. Zhan (2006): the conjecture is true for  ( ). 

I. Bikorski (2022): the conjecture is true for .

[−a, a] a > 0

S3 ([0,1])
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Computing the maximum spread 
Conjecture by Fallat and King (2012): 

 max {spread(A) : A ∈ Sn ([a, b])} =

= max {spread(A) : A ∈ Sn ({a, b}), rank(A) = 2}
X. Zhan (2006): the conjecture is true for  ( ). 

I. Bikorski (2022): the conjecture is true for .

[−a, a] a > 0

S3 ([0,1])

N. Calkin, R. Corless, LGV, J. Sendra and R. Sendra (2026), 
prove that the conjecture is true for 

 when . 
 when .

Sn ([0,1]) n = 4,5,6,7,8
Sn ([a,1]) n = 2,3,4,5,6,7
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Computing the maximum spread 

The spread of  is the biggest real root of

where .

A

RA(T) = resultantλ(PA(T + λ), PA(λ))

PA(λ) = det(λ𝕀 − A)

#(Sn ({a, b})) = 2n(n+1)/2
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Computing the maximum spread 

#(S6 ({0,1}])) = 2097152

Fallat and King (2012)
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#(S5 ({a,1}])) = 32768

Computing the maximum spread 

A ∈ Sn ({a,1}])
Given :  is the biggest real root of

 

−1 ≤ a < 1 spread(A)
RA(a; T) = 0

The conjectured maximum spread is given by

(a2 + 2a − 3)round ( n
a + 3 )

2

+ 2n(1 − a)round ( n
a + 3 ) + n2
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#(S5 ({a,1}])) = 32768

Computing the maximum spread 

rank = 2 rank = 3

RA(a; T) = 0
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Computing the maximum spread 

Using graph isomorphism to reduce redundant computation

We estimate that m = 8 would take over forty days ………….

S
n ( {a,1}])
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Computing the maximum spread 

The conjecture is true for S3q ([0,1])
J. Breen et al: Maximum spread of graphs and bipartite graphs. Communications 
of the AMS, 2022.

:   A ∈ Sn ({0,1}) spread(A) ≤
2n

3
max

i,j
{ai,j}
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6q
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= 2 3q
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On the eigenvalues of 
-matricesQM

L. Gonzalez-Vega, J. Sendra & R. Sendra: Eigenvalues of Real 
Matrices with Prescribed Principal Minors Sign and Descartes 
Law of Signs. arXiv:2305.08861
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DEFINITIONS

All these matrices appear very often in many different applications: 
Physics, Economy, etc.

If  is a -matrix then  is a -matrix.
If  is a -matrix then  is a -matrix.

A P A Q
A PM A QM

 is a -matrix if every principal minor of  is positive.
 is a -matrix if the sum of the -by-  principal minors  

is positive, for all .
 is a -matrix if  is a -matrix for all .
 is a -matrix if  is a -matrix for all .

A P A
A Q k k A

k = 1,…, n
A PM Ak P k ≥ 1
A QM Ak Q k ≥ 1

 is a square matrix over  of size A ℝ n
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 is a -matrix if   is a -matrix for all positive integers 
Are the eigenvalues of a -matrix necessarily 

positive?
D. Hershkowitz, C. R. Johnson: Spectra of matrices with P-matrix 
powers. Linear Algebra and its Applications 80, 159-171, 1986.

A PM Ak P k
PM

MAIN QUESTION TO ANSWER

-matrices are -matricesPM QM

If the eigenvalues of a -matrix are positive then this 
conjecture is true

QM
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EIGENVALUES

Descartes Law of Signs:  
If  is an eigenvalue of a -matrix then  

If  is an eigenvalue of a -matrix then  

Corollary: 
If  is an eigenvalue of a -matrix then  

If  is an eigenvalue of a -matrix then 

λ ∈ ℝ Q λ > 0
λ ∈ ℝ QM λ > 0

λ ∈ ℝ P λ > 0
λ ∈ ℝ PM λ > 0

Characteristic polynomial of  : 
the resultant of  and  with respect to  

Ak

PA(Y) Yk − T Y

(together with R. Sendra and J. Sendra)
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EIGENVALUES OF A QM-MATRIX

 is a -matrix if   is a -matrix for all positive integers  .  
Are the eigenvalues of a -matrix necessarily positive? 

D. Hershkowitz, C. R. Johnson: Spectra of matrices with P-matrix 
powers. Linear Algebra and its Applications 80, 159-171, 1986. 

The conjecture is true for  since -matrices have this 
property

A PM Ak P k
PM

n ≤ 4 QM
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EIGENVALUES OF A QM-MATRIX

 is a -matrix if   is a -matrix for all positive integers  .  
Are the eigenvalues of a -matrix necessarily positive? 

D. Hershkowitz, C. R. Johnson: Spectra of matrices with P-matrix 
powers. Linear Algebra and its Applications 80, 159-171, 1986. 

The conjecture is true for  since -matrices have this 
property

A PM Ak P k
PM

n ≤ 4 QM

If  is an eigenvalue of a -matrix   
then 

 is also an eigenvalue of  

λ ∈ ℂ QM A

|λ | A
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Let  be a -matrix of size  over  A QM 3 ℝ

EIGENVALUES OF A QM-MATRICES FOR N=3

PAn(T ) = T3 − λn (1 + 2 cos (nα)) T2 + λ2n (1 + 2 cos (nα)) T − λ3n

The three eigenvalues of  are real numbers: all of them positive. 
One eigenvalue real and two complex and non-real: ,  and .

A
λ δ δ

δ = λ (cos(α) + i sin(α))
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Let  be a -matrix of size  over  A QM 3 ℝ

EIGENVALUES OF A QM-MATRICES FOR N=3

PAn(T ) = T3 − λn (1 + 2 cos (nα)) T2 + λ2n (1 + 2 cos (nα)) T − λ3n

The three eigenvalues of  are real numbers: all of them positive. 
One eigenvalue real and two complex and non-real: ,  and .

A
λ δ δ

δ = λ (cos(α) + i sin(α))

If  is a -matrix then  for all . This implies  

 

which is not posible since  is complex and non-real.

A QM 2 cos (nα) > − 1 n ≥ 1

α ∈
∞

⋂
n=1

(−
2π
3n

,
2π
3n )

δ

Conjeture true for : eigenvalues of a -matrix are positive.n = 3 PM
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Let  be a -matrix of size 4 over  A QM ℝ

λ3 = ρ (cos(α) + i sin(α))

… − ρn (2 cos (nα) λn
1 λn

2 + ρnλn
1 + ρnλn

2) T + ρ2nλn
1 λn

2

T4 − (λn
1 + λn

2 + 2ρn cos (nα)) T3 + (ρ2n + λn
1 λn

2 + 2ρnλn
1 cos (nα) + 2ρnλn

2 cos (nα)) T2 − …

EIGENVALUES OF A QM-MATRICES FOR N=4

 or ρ = λ1 ρ = λ2

PAn(T) =
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If  is a -matrix then for all  we have 

             

where    and    (ie  or ).

A QM n ≥ 1

2 cos (nα) > − (Ln
1 + Ln

2) 2 cos (nα) > −
1 + Ln

1Ln
2

Ln
1 + Ln

2
2 cos (nα) > −

Ln
1 + Ln

2

Ln
1Ln

2

L1 =
λ1

ρ
L2 =

λ2

ρ
L1 = 1 L2 = 1

EIGENVALUES OF A QM-MATRICES FOR N=4

λ3 = ρ (cos(α) + i sin(α))  or ρ = λ1 ρ = λ2
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If  is a -matrix then for all  we have 

             

where    and    (ie  or ).

A QM n ≥ 1

2 cos (nα) > − (Ln
1 + Ln

2) 2 cos (nα) > −
1 + Ln

1Ln
2

Ln
1 + Ln

2
2 cos (nα) > −

Ln
1 + Ln

2

Ln
1Ln

2

L1 =
λ1

ρ
L2 =

λ2

ρ
L1 = 1 L2 = 1

Since  or  then  which is not posible since  is 
complex and non-real:  

 for all             

L1 = 1 L2 = 1 α = 0 λ3

cos (nα) > −
1
2

n ⟹ α ∈
∞

⋂
n=1

(−
2π
3n

,
2π
3n )

Case discarded !

EIGENVALUES OF A QM-MATRICES FOR N=4

λ3 = ρ (cos(α) + i sin(α))  or ρ = λ1 ρ = λ2
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Let  be a -matrix of size 4 over  A QM ℝ

λ2 = σ (cos(β) + i sin(β))λ1 = ρ (cos(α) + i sin(α))
 and  should be eigenvalues: this case does not happenρ σ

Conjeture true for : eigenvalues of a -matrix are positive.n = 4 PM

Case discarded !

EIGENVALUES OF A QM-MATRICES FOR N=4
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EIGENVALUES OF PM-MATRICES FOR N=4

 is a -matrix if   is a -matrix for all positive integers  

Are the eigenvalues of a -matrix necessarily positive? 
D. Hershkowitz, C. R. Johnson: Spectra of matrices with P-matrix 
powers. Linear Algebra and its Applications 80, 159-171, 1986. 

The conjecture is true for   
since  

-matrices have this property

A PM Ak P k

PM

n ≤ 4

QM
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Let  be a -matrix of size 5 over  A QM ℝ

EIGENVALUES OF A QM-MATRICES FOR N=5

Three possibilities: 
1. If all eigenvalues are real numbers then they are positive. 
2. , , ,  and . 

3. , , , , .

ρ > 0 ρ (cos(α) ± i sin(α)) λ > 0 τ > 0 α ≠ 0
ρ > 0 ρ (cos(α) ± i sin(α)) ρ (cos(β) ± i sin(β)) α ≠ 0 β ≠ 0

PAn(T) =
T5 − T4 (2ρn cos(nα) + λn + ρn + τn)+
+T3 (λnρn + λnτn + ρ2n + ρnτn + 2λnρn cos(nα) + 2ρ2n cos(nα) + 2ρnτn cos(nα))+
−T2ρn (2λnρn cos(nα) + 2λnτn cos(nα) + 2ρnτn cos(nα) + λnρn + λnτn + ρ2n + ρnτn)+
+T ρ2n (2λnτn cos(nα) + λnρn + λnτn + ρnτn) − λnρ3nτn

  and  L1 =
λ
ρ

L2 =
τ
ρ
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for all    n ≥ 1 2 cos(nα) >

−1 − min {Ln
1 + Ln

2 ,
Ln

1Ln
2

Ln
1 + Ln

2 + 1
,

1
Ln

1 + Ln
2 + Ln

1Ln
2

,
1
Ln

1
+

1
Ln

2 }
If  and  then

And if  then

L1 > 1 L2 > 1
min {Ln

1 + Ln
2 ,

Ln
1 Ln

2

Ln
1 + Ln

2 + 1
,

1
Ln

1 + Ln
2 + Ln

1Ln
2

,
1
Ln

1
+

1
Ln

2 } =
1

Ln
1 + Ln

2 + Ln
1Ln

2

L = min{L1, L2}

{α : ∀n cos(nα) > −
1
2

−
1
2

1
Ln

1 + Ln
2 + Ln

1Ln
2 } ⊆

⊆ {α : ∀n cos(nα) > −
1
2

−
1
2

1
Ln }
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=

n

⋂
k=1

{α : cos(kα) > −
1
2

−
1
2

1
Lk } =

= −
2 ⌊ n − 1

3 ⌋ + 1

3 ⌊ n − 1
3 ⌋ + 1

π +

arc cos ( 1 + L3⌊ n − 1
3 ⌋+1

2L3⌊ n − 1
3 ⌋+1 )

3⌊ n − 1
3 ⌋ + 1

, −
2 ⌊ n − 2

3 ⌋ + 1

3 ⌊ n − 2
3 ⌋ + 1

π +

arc cos ( 1 + L3⌊ n − 2
3 ⌋+2

2L3⌊ n − 2
3 ⌋+2 )

3⌊ n − 2
3 ⌋ + 2

⋃(−
π
n

+
1
n

arc cos ( Ln + 1
2Ln ),

π
n

−
1
n

arc cos ( Ln + 1
2Ln ))⋃

⋃
2 ⌊ n − 2

3 ⌋ + 1

3 ⌊ n − 2
3 ⌋ + 1

π +

arc cos ( 1 + L3⌊ n − 2
3 ⌋+2

2L3⌊ n − 2
3 ⌋+2 )

3⌊ n − 2
3 ⌋ + 2

,
2 ⌊ n − 1

3 ⌋ + 1

3 ⌊ n − 1
3 ⌋ + 1

π +

arc cos ( 1 + L3⌊ n − 1
3 ⌋+2

2L3⌊ n − 1
3 ⌋+2 )

3⌊ n − 1
3 ⌋ + 2

= {−
2π
3

,0,
2π
3 }
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=

n

⋂
k=1

{α : cos(kα) > −
1
2

−
1
2

1
Lk } =

= −
2 ⌊ n − 1

3 ⌋ + 1

3 ⌊ n − 1
3 ⌋ + 1

π +

arc cos ( 1 + L3⌊ n − 1
3 ⌋+1

2L3⌊ n − 1
3 ⌋+1 )

3⌊ n − 1
3 ⌋ + 1

, −
2 ⌊ n − 2

3 ⌋ + 1

3 ⌊ n − 2
3 ⌋ + 1

π +

arc cos ( 1 + L3⌊ n − 2
3 ⌋+2

2L3⌊ n − 2
3 ⌋+2 )

3⌊ n − 2
3 ⌋ + 2

⋃(−
π
n

+
1
n

arc cos ( Ln + 1
2Ln ),

π
n

−
1
n

arc cos ( Ln + 1
2Ln ))⋃

⋃
2 ⌊ n − 2

3 ⌋ + 1

3 ⌊ n − 2
3 ⌋ + 1

π +

arc cos ( 1 + L3⌊ n − 2
3 ⌋+2

2L3⌊ n − 2
3 ⌋+2 )

3⌊ n − 2
3 ⌋ + 2

,
2 ⌊ n − 1

3 ⌋ + 1

3 ⌊ n − 1
3 ⌋ + 1

π +

arc cos ( 1 + L3⌊ n − 1
3 ⌋+2

2L3⌊ n − 1
3 ⌋+2 )

3⌊ n − 1
3 ⌋ + 2

= {−
2π
3

,0,
2π
3 }
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The remaining cases are solved in a similar way and produce 
exactly the same solution:  is a -matrix with only one 

complex and non real eigenvalue iff  . 

Are the eigenvalues of a -matrix necessarily positive? 
D. Hershkowitz, C. R. Johnson: Spectra of matrices with P-matrix 
powers. Linear Algebra and its Applications 80, 159-171, 1986. 

For   
-matrices do not have this property

A QM

α = ± 2π
3

PM

n = 5
QM

EIGENVALUES OF A QM-MATRICES FOR N=5
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Let  be a -matrix of size 5 over  A QM ℝ

EIGENVALUES OF A QM-MATRICES FOR N=5

Three possibilities: 
1. If all eigenvalues are real numbers then they are positive. 
2. , , , , . 

3. , , , , .

ρ > 0 ρ (cos(α) ± i sin(α)) λ > 0 τ > 0 α ≠ 0
ρ > 0 ρ (cos(α) ± i sin(α)) ρ (cos(β) ± i sin(β)) α ≠ 0 β ≠ 0

PAn(T) =
T5 − T4ρn (1 + 2 cos(nα) + 2 cos(nβ))+

+2T3ρ2n (1 + 2 cos(nα) cos(nβ) + cos(nβ) + cos(nα))+

−2T2ρ3n (1 + 2 cos(nα) cos(nβ) + cos(nβ) + cos(nα))+

+T ρ4n (1 + 2 cos(nα) + 2 cos(nβ)) − ρ5n
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 is a -matrix iff for all  

 

A QM n ≥ 1
1 + 2 cos(nα) + 2 cos(nβ) > 0

1 + 2 cos(nα) cos(nβ) + cos(nβ) + cos(nα) > 0

EIGENVALUES OF A QM-MATRICES FOR N=5
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 is a -matrix iff for all  

 

A QM n ≥ 1
1 + 2 cos(nα) + 2 cos(nβ) > 0

1 + 2 cos(nα) cos(nβ) + cos(nβ) + cos(nα) > 0

EIGENVALUES OF A QM-MATRICES FOR N=5

n = 1 n ≤ 2 n ≤ 3

α

β β β
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n ≤ 8

α

β
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n ≤ 8

α

β

In the limit, either  or  α = 0 β = 0
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Three possibilities: 
1. If all eigenvalues are real numbers then they are positive. 

2. if , , ,  : . 

3. , , . 

Are the eigenvalues of a -matrix necessarily positive? 
D. Hershkowitz, C. R. Johnson: Spectra of matrices with P-matrix 
powers. Linear Algebra and its Applications 80, 159-171, 1986. 

For ,  -matrices do not have this property

ρ > 0 ρ (cos(α) ± i sin(α)) λ > 0 τ > 0 α = ± 2π
3

ρ > 0 ρ (cos(α) ± i sin(α)) ρ (cos(β) ± i sin(β))
PM

n = 5 QM

EIGENVALUES OF A QM-MATRICES FOR N=5
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 is a -matrix if   is a -matrix for all positive integers 
Are the eigenvalues of a -matrix necessarily positive?

D. Hershkowitz, C. R. Johnson: Spectra of matrices with P-matrix 
powers. Linear Algebra and its Applications 80, 159-171, 1986.

A PM Ak P k
PM

MAIN QUESTION TO ANSWER

If  is a -matrix then  is a -matrix.
If  is a -matrix then  is a -matrix.

A P A Q
A PM A QM

But, to study the properties of the eigenvalues of a 
-matrix is still an interesting question: 

QM
n ≥ 6?
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 is a -matrix if   is a -matrix for all positive integers 
Are the eigenvalues of a -matrix necessarily positive?

D. Hershkowitz, C. R. Johnson: Spectra of matrices with P-matrix 
powers. Linear Algebra and its Applications 80, 159-171, 1986.

A PM Ak P k
PM

MAIN QUESTION TO ANSWER

The eigenvalues of a -matrix are necessarily positive 
S. Mondal, K. C. Sivakumar, M. J. Tsatsomeros: P-matrix powers. 
Linear Algebra and its Applications 699, 355-366, 2024.

PM

If  is a -matrix then  is a -matrix.
If  is a -matrix then  is a -matrix.

A P A Q
A PM A QM

But, to study the properties of the eigenvalues of a 
-matrix is still an interesting question: 

QM
n ≥ 6?
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N0 
Conclusions 

But  
a small present from 

the EACA Network

We will miss you
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laureano.gonzalez@cunef.edu

¡ Gracias Manolo !

Thanks Manolo !

Plesase do not forget us !

mailto:laureano.gonzalez@cunef.edu

