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Motivation and Main Results

Objective: Develop a comprehensive Morita theory for quantales.

Key Tool: The Comparison Theorem for monads arising from adjoint
triangles.

Main Results: Characterize quantaloids equivalent to categories of quantale
modules and extend classical Morita-theoretic tools—projective generators,
matrix constructions, and full idempotents—to the quantalic setting.

Applications: Apply these results to the study of internal sup-lattices in
Grothendieck toposes.

Why Quantales? Quantales unify algebraic and topological ideas,
encompassing both rings and frames/locales, and arise naturally in
noncommutative geometry, quantum logic, and linear logic.
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The Comparison Theorem

- Given: an adjunction η, ε : F ⊣ U : A → X , a monad T = (T , µ, η) on X
and a functor K : A → X T with UT K = U.

A

U

##

K // X T

UT

zz
X

F

cc

FT

::

- Let S be the monad on X generated by the adjunction F ⊣ U; and γK be
the composite

FT FT η−−−→ FT UF = FT UT KF
εT KF−−−−→ KF .

Then tK = UT γK is a monad morphism T → S .
- U is called T -Galois (w.r.t. K ) if tK (or, equivalently, γK ) is an
isomorphism.

The Comparison Theorem [B. Mesablishvili, R. Wisbauer, J. Algebra 324
(2010)464–506.]
K is an equivalence of categories if and only if the functor U is monadic and tK is
an isomorphism of monads (=U is T -Galois).
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Hopf-Galois Example

The next example justifies the name ”Galois”. Consider the diagram

ModB

U

##

K // (ModA)G

UG

zz
ModA

F

cc

FG

::

.

where

H is a bialgebra (over a commutative ring k) and A is a right H-comodule
algebra;
B = AcoH and G = −⊗k H;
K = −⊗B A and F is the restriction of scalars functor;
(ModA)G is the category of right A⊗B H-comodules, (ModA)

A⊗BH .

Then:

- ∀M ∈ ModA, tM : M ⊗B A → M ⊗K H,m ⊗B a → ma(0) ⊗B a(1);
- in particular − tA : A⊗B A → A⊗K H is the so-called Galois map;
A is a H-Galois extension iff tA is an isomorphism;
K is an equivalence of categories iff H is a Hopf algebra.
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The category of sup-lattices

Let S l be the category of sup-lattices (=complete posets).
It is well known that

- S l is a symmetric monoidal closed category;

- The tensor product L⊗ L′ of two sup-lattices L and L′ is the codomain of the
universal map L× L′ → L⊗ L′ that preserves supremum in each variable
separately. The tensor unit is 2 = {0 ≤ 1};

- The internal hom is the set [L, L′ ] of sup-preserving maps ordered by f ≤ g if
and only if f (l) ≤ g(l) for all l ∈ L. Since the order on L′ is complete, so is
the pointwise order on [L, L′];

- The category S l of sup-lattices is monadic over Set via the functor
S l(2,−) : S l → Set;

- (Small) coproducts are biproducts; that is, if {Xi} is a (small) family of
objects of S l , the comparison morphism

∐
Xi →

∏
Xi is an isomorphism.
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Quantales

A quantale is a monoid in the symmetric monoidal category S l .

More precisely, a quantale is a sup-lattice A equipped with a monoid structure
(A, ∗, 1) such that ∗ distributes over suprema:

a ∗ (
∨
i∈I

bi ) =
∨
i∈I

(a ∗ bi ) and (
∨
i∈I

ai ) ∗ b =
∨
i∈I

(ai ∗ b) (1)

for all a, b ∈ A and all {ai}i∈I , {bi}i∈I ⊆ A.

A morphism f : A → B of quantales is a morphism of sup-lattices satisfying

(i) f (1) = 1

(ii) f (a ∗ a′) = f (a) ∗ f (a′)
for all a, a′ ∈ A.
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Modules over quantales

A right A-module over a quantale A is a complete lattice M together with a map
− · − : M × A → M such that

m · 1 = m

m · (a1 ∗ a2) = (m · a1) · a2
(
∨
i∈I

mi ) · a =
∨
i∈I

(mi · a)

m · (
∨
i∈I

ai ) =
∨
i∈I

(m · ai )

(2)

for all a, a1, a1 ∈ A, m ∈ M, {ai}i∈I ⊆ A and {mi}i∈I ⊆ M.

A morphism f : M → N of right A-modules is a morphism of sup-lattices such
that f (m · a) = f (m) · a for all m ∈ M and a ∈ A.

The category of right A-modules is denoted by ModA(S l). The evident forgetful
functor UA : ModA(S l) → S l is monadic with left adjoint FA, which takes X ∈ S l
to X ⊗ A
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Quantaloids

- A quantaloid is a locally small category enriched in the symmetric monoidal
closed category S l .

- If Q is a quantaliod, then one has the following commutative diagram of
categories and functors:

S l

Sl(2,−)

��
Qop × Q

HomQ(−,−)

99

Q(−,−)
// Set,

in which HomQ(−,−) is the so called lifted hom-functor.

- The property that (small) coproducts are biproducts in S l , transfers to any
quantaloid Q.

- For Q ∈ Q and X ∈ Set, Q(X ) = ⊕x∈XQx ,Qx = Q. The coproduct injection
Q → Q(X ) corresponding to x ∈ X is denoted by ιQx . If f : X → Y is a map
of sets, then Q(f ) : Q(X ) → Q(Y ) is the induced morphism.

- Typical examples of quantaloids are module categories over quantales.
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Characterizing module categories over quantales

Fix a quantaloid Q and an object Q ∈ Q s.t. Q admits set-indexed copowers of
Q. Consider the diagram

Q

Q(Q,−)

��

KQ
// ModE (S l)

UE

xx
UE ◦ KQ = Q(Q,−)

Set

Q (−)

__

E (−)

88

in which
- E = HomQ(Q,Q) is a quantale of endomorphisms of Q;
- KQ : Q → ModE (S l) is the functor defined by KQ = HomQ(Q,−);
- UE is the forgetful functor, and E (−) sends a set X to the free right
E -module E (X ), which can be seen as the set of all maps X → E .

- ηQ , εQ : Q(−) ⊣ Q(Q,−). ∀X ∈ Set, (ηQ)X : X → Q(Q,Q(X )) takes x ∈ X
to ιQx : Q → Q(X )), and ∀A ∈ Q, (εQ)A is the morphism QQ(Q,A) → A
defined (uniquely) by the equality (εQ)A ◦ ιQf = f .

- ηE , εE : E (−) ⊣ UE . (η
E )X : X → E (X ) ≃ EX is the map that takes x ∈ X to

the map supported at x with value idQ ; and for any M ∈ ModE (S l),
(εE )M : E (M) → M is the map (em)m∈M →

∨
m∈M m · em.
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Q (−)

__

E (−)

88

in which
- E = HomQ(Q,Q) is a quantale of endomorphisms of Q;
- KQ : Q → ModE (S l) is the functor defined by KQ = HomQ(Q,−);
- UE is the forgetful functor, and E (−) sends a set X to the free right
E -module E (X ), which can be seen as the set of all maps X → E .
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to ιQx : Q → Q(X )), and ∀A ∈ Q, (εQ)A is the morphism QQ(Q,A) → A
defined (uniquely) by the equality (εQ)A ◦ ιQf = f .

- ηE , εE : E (−) ⊣ UE . (η
E )X : X → E (X ) ≃ EX is the map that takes x ∈ X to

the map supported at x with value idQ ; and for any M ∈ ModE (S l),
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Characterizing module categories over quantales

- Let TQ (resp. TE ) denote the monad on Set generated by the adjunction
Q(−) ⊣ Q(Q,−) (resp. E (−) ⊣ UE ).

- The X -component γX of the natural transformation

γ = γKQ : E (−) → KQ ◦ Q(−)

for which UEγ is the induced monad morphism sQ = sKQ : TE → TQ , is
precisely the canonical comparison morphism

HomQ(Q,Q)(X ) → HomQ(Q,Q(X ))

for the functor KQ : Q → ModE (S l) to preserve the coproduct Q(X ).

Theorem

In the situation of the diagram above, the functor Q(Q,−) is TE -Galois for every
object Q ∈ Q.

This theorem with Comparison Theorem implies:

Theorem

The functor KQ is an equivalence if and only if the functor Q(Q,−) : Q → Set is
monadic.
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Characterizing module categories over quantales

The following is our main result which characterizes those quantaloids that are
(equivalent to) module categories over quantales.

Theorem
For a quantaloid Q, the following conditions are equivalent:

(i) Q is equivalent to a module category over a quantale.

(ii) Q is monadic over Set.

(iii) Q is Barr-exact and it has a regular projective generator Q and arbitrary
small copowers of Q.

When one of these equivalent conditions holds, then Q is equivalent to the
module category ModE (S l) via the functor KQ : Q → ModE (S l), where Q is as
in (iii) and E = HomQ(Q,Q).
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Morita equivalent quantales

We say that two quantales are Morita equivalent if they have equivalent
categories of right modules.

Our main result gives:

Theorem

Let A be a quantale and Q ∈ ModA(S l) be a projective generator. Then the
quantales A and HomA(Q,Q) are Morita equivalent.

Considering

ModA(S l)
K=HomA(Q,−)

≃
//

ModA(Sl)(Q,−)⊣Q(−)

..

ModB(S l)

B(−)⊣UB

��
Set

we prove:

Theorem
Two quantales A and B are Morita equivalent if and only if there exists a
projective generator Q ∈ ModA(S l) such that B ≃ ModA(S l)(Q,Q) as quantales.
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Morita equivalence in terms of matrices

- Let A be an arbitrary quantale. If X and Y are sets, an A-matrix a of size
X × Y is a family (a(x , y))(x,y)∈X×Y of elements of A (equivalently, a map
X × Y → A).

- If a and b are two A-matrices with size X ×Y and Y × Z , then their product
a ⋆ b has size X × Z and is defined by

(a ⋆ b)(x , z) =
∨
y∈X

a(x , y)b(y , z).

- For any set X , the matrix of size X × X given by

iX (x , x
′) =

{
1, x = x ′

0, x ̸= x ′

serves as the identity for the matrix multiplication.

- MatX×Y (A) is the set of all A-matrices of size X × Y . MatX×Y (A) is a
sup-lattice with operations formed point-wise from those in A.

- When X = Y , the triple (MatX (A) = MatX×X (A), ⋆, iX ) is a quantale.
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Morita equivalence in terms of matrices

We characterize Morita equivalence for quantales via matrices and full
idempotents in the following two theorems.

Theorem

Let A be a quantale. For any nonempty set X , A and MatX (A) are Morita
equivalent quantales.

Following the terminology of ring theory, we call an idempotent e = e ⋆ e in a
quantale A full if A ⋆ e ⋆ A = A.

Theorem
Two quantales A and B are Morita equivalent if and only if there exist a set X
and a full idempotent a ∈ MatX (A) such that B ≃ a ⋆MatX (A) ⋆ a as quantales.
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Some applications: sup-lattices in Grothendieck toposes

Let E be a Grothendieck topos, and let S l(E) denote the category of internal
sup-lattices in E . By applying our main theorem, we can deduce:

Theorem

The category S l(E) of internal sup-lattices in a Grothendieck topos E is
equivalent to the external module category ModSub(B×B)(S l), where B is a bound
of E (i.e., an object of E whose subobjects form a generating family for E).

As a immediate corollary we have:

Theorem

If B and B ′ both are bounds of a Grothendieck topos E , then the quantales
Sub(B × B) and Sub(B ′ × B ′) are Morita equivalent.
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Some applications: sup-lattices in Grothendieck toposes

- A locale is a commutative idempotent quantale L such that l ≤ 1 for all
l ∈ L.

- For any object X of a Grothendieck topos E , the set Sub(X ) is a locale.

- Since any locale L is a partially ordered set, it can be seen as a category L
whose objects are the elements of L, and there is a morphism l → l ′ in L if
and only if l ≤ l ′. Define a Grothendieck topology J on L by assigning to
each element l of L (i.e. object of L) the collection Jl = {(li ≤ l)i∈I} such
that

∨
i∈I li = l .

- Let Sh(L) be the category of sheaves on the site (L, J).

Theorem (Joyal-Tierney)

For any locale L, there is a natural equivalence

S l(Sh(L)) ≃ ModL(S l).
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Thank you!
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