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Simultaneous conjugation action

GL,(C) ~ Mu(C) x Mu(C) X -+ x Mp(C) = M2, T-(Xy,...,Xq) = (TX T}, ..., TX,T7Y).
d

Rustam Turdibaev (NewUU) Nonassociative Methods in Pure Matrix Algebras 2/22



Simultaneous conjugation action

GL,(C) ~ Mu(C) x Mu(C) X -+ x Mp(C) = M2, T-(Xy,...,Xq) = (TX T}, ..., TX,T7Y).
d

o

I.M. Gelfand, V.A. Ponomarev,
Remarks on the classification of a pair of commuting linear transformations in a finite dimensional
vector space, Functional Anal. Appl. 3 (1969).
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GL,(C) ~ Mu(C) x Mu(C) X -+ x Mp(C) = M2, T-(Xy,...,Xq) = (TX T}, ..., TX,T7Y).
d

I.M. Gelfand, V.A. Ponomarev,
Remarks on the classification of a pair of commuting linear transformations in a finite dimensional
vector space, Functional Anal. Appl. 3 (1969).

L. Le Bruyn, Orbits of matrix tuples, Sémin. Congr., vol. 2, Soc. Math. France, Paris (1997). )

The classification of matrix tuples up to similarity has been deemed a “hopeless problem’.
Instead, an outline of a procedure which can be seen as an approximation is given.

The first approximation to the orbit space of this action is the GIT quotient.
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e Wild problem. x Classifying orbits M¢/GL,, is intractable for n > 2.
o Tractable. v Describe the algebra of invariants C[M%]GLn.

First and second fundamental theorems (Sibirskii 1968 / Razmyslov 1974 / Procesi 1976)

e Generators: Tr(X;, X;, --- X;, ) — traces of words of length < n?.

@ Relations: consequences of the Cayley—Hamilton theorem.

Explicit generators and relations

Find minimal generators and all defining relations explicitly.
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Known results for small matrix sizes

n =2 (Dubnov, 1940s)

C[Ma x M|t = C[Tr(X), Tr(Y), Tr(X?), Tr(XY), Tr(Y?)].

How are det(X), Tr(X?), Tr(X?2Y) or Tr(XY XY) generated through these five generators?
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Application of Cayley-Hamilton Theorem

| X2~ Te(X) - X +det(X) - I = 0|

Apply trace:  Tr(X?) — Tr(X) - Tr(X) +2det(X) - I, =0

det(X) = 5 (Tr*(X) — Tr(X?))

N =

Multiply by Y: X2V — Tr(X) - XY 4 det(X)-Y = O,

Apply Trace: Tr(X?Y) = Tr(X) Tr(XY) — det(X) Tr(Y)

C-H for XY: (XY)? - Te(XY) - XY +det(XY) - I, = Oy

Apply Trace: Tr(XYXY) = Tr(XY)? - 2det(X)det(Y)
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Generators of C[M35 x M.

A minimal system of eleven generators for C[M3 x M3]“t were found?:

Tr(X), Tr(Y)

Tr(X?), Tr(XY), Tr(Y?),

Tr(X ), Tr(X2Y), Tr(XY?), Tr(Y?),
Tr(X2Y?), Tr(X2Y2XY).

2Y. Teranishi, The ring of invariants of matrices, Nagoya Math. J., Vol. 104 (1986), 149-161.
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The first ten traces form a homogeneous system of parameters (hsop) and C[M3 x Mj3]Sts is
Cohen-Macaulay:
C[M3 x M3)%™ = Clhsop] @ Tr(X?Y XY )C[hsop]

as C[hsop]-modules.
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Generators of C[M3 x Mj3]Gts

A minimal system of eleven generators for C[M3 x M3]“t were found?:

Tr(X), Tr(Y)

Tr(X?), Tr(XY), Tr(Y?),

Tr(X?), Tr(X?Y), Tr(XY?), Tr(Y?),
Tr(X2Y?), Tr(X2Y2XY).

2Y. Teranishi, The ring of invariants of matrices, Nagoya Math. J., Vol. 104 (1986), 149-161.

The first ten traces form a homogeneous system of parameters (hsop) and C[M3 x Mj3]Sts is
Cohen-Macaulay:
C[M3 x M3)%™ = Clhsop] @ Tr(X?Y XY )C[hsop]

as C[hsop]-modules. Hence,
C[Tr X, TrY, Tr X2,... Tr(X2Y?), Tr(XY X?Y?)]

C[M3 x Mg]GL3 ~
(Tr(XYX2Y2)2 ;- )
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n =4 (Drensky-Sadikova; Drensky—La Scala, 2009)

C[32 traces as generators]
(relations of degrees 12, 13, 14, 7)°

Generators known; full set of defining relations remained open.

CIMy x M,)Ct =
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n =4 (Drensky-Sadikova; Drensky—La Scala, 2009)

C[32 traces as generators]
(relations of degrees 12, 13, 14, 7)°

Generators known; full set of defining relations remained open.

CIMy x M,)Ct =

n=4  (F. Eshmatov, X. Garcia-Martinez, R. T. , 2025)

The ideal of defining relations of C[My x M,]%L satisfies:
@ Maximum degree of relations: 20.
o Total number of relations: 105.
@ Only 8 relations generate the whole ideal using the non-associative structure.
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Leibniz algebra structure and a Necklace Lie algebra

Let L = C(z,y). Define a bilinear mapping {—,—} : L x L — L by

P q
{ug - up, v1---v4} = E g W(Wiy Vj)UT - Vjmq U - - Uplg -+ - U1 Vjpq - - - Vg,
i=1 j—1

where elements wy, ..., up, v1,...,v, are either z or y and

w(z,y) = —w(y,r) =1, w(r,z)=w(yy)=0.
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Leibniz algebra structure and a Necklace Lie algebra

Let L = C(z,y). Define a bilinear mapping {—,—} : L x L — L by

P q
{ug - up, v1---v4} = E E W(Wiy Vj)UT - Vjmq U - - Uplg -+ - U1 Vjpq - - - Vg,
i=1 j=1

where elements wy, ..., up, v1,...,v, are either z or y and

w(z,y) = —w(y,r) =1, w(r,z)=w(yy)=0.

{zyyy, zay} = 22y® — ey — zy’ay — yayzy — zyryy — syyey — cTyyy
= —xyzy® — 2y Ty — yryry — yiaty.

M. Van den Bergh (2008)

L with this bracket is a Leibniz algebra.
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Liezation of the Leibniz algebra L = C

@ Leib(L) = Span{{a,a} | a € L} is called the Leibniz kernel.
o In fact, Leib(L) = Span{{a, b} + {b,a} | monomials a,b € L}.

It is the universal Lie quotient of L:
the liezation functor L — L/Leib(L) is left adjoint to the inclusion Lie < Leib,
so that every Leibniz algebra morphism from L to a Lie algebra factors uniquely through the
projection L — L /Leib(L).
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Commutator quotient space

Com(L) = {ab—ba | a,b € L} - called commutator space and Com(L) D Leib(L). J

The quotient algebra
N = L/Com(L)

with the induced bracket is a Lie algebra, called Necklace Lie algebra.
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Commutator quotient space

Com(L) = {ab—ba | a,b € L} - called commutator space and Com(L) D Leib(L). J

The quotient algebra
= L/Com(L)

with the induced bracket is a Lie algebra, called Necklace Lie algebra.

Classes: 2%y%, 2%y%xy, (wy)?, 2%yxy?

et
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Commutator quotient space

Com(L) = {ab—ba | a,b € L} - called commutator space and Com(L) D Leib(L). J

The quotient algebra
= L/Com(L)

with the induced bracket is a Lie algebra, called Necklace Lie algebra.

Classes: 2%y%, 2%y%xy, (wy)?, 2%yxy?
Necklace Lie Algebra = Liezation of Leibniz algebra L? J
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Lie bracket [wy, wo]
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Example of computation

x Y| ‘{A’j AR ?+ (Y
3 X _}Y ';)ul %vg ;_,X
1L X _ N X
2@ 70 ) - T L
(5 ¢ o, / X
X X
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Jacobi identity

Rustam Turdibaev (NewUU

Algebras 13 /22



Basic Properties of the Leibniz algebra L = C(z, y)

{a,b-c} ={a, b} -c+0b-{a, c} (1)

{a-b,c}={b-a,c} 2)
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Basic Properties of the Leibniz algebra L = C(z, y)

{a,b-c} ={a, b} -c+0b-{a, c} (1)
{a-b,c}={b-a,c} 2)

L=C(z,y) = EB Ly, m) is a bi-graded algebra,
n,m>0
where L, ) is the subspace spanned by all words with n x's and m y’s.

{L(a,b)a L(c,d)} c L(a+c—1,b+c—1)
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Another grading can be considered: L = @, , Vi, where

n—m=t

Then the Leibniz bracket respects the grading: {V;, Vi} C Viis.
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Theorem: The necklace Lie A algebra is the liezation of the Leibniz algebra L = C{z,y).

Sketch of proof: We need to show that Com(L) = Leib(L).

Let w be a word of bidegree (n,m), i.e. w € Ly ). Then

{zy, w} = (m — n)w.
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Theorem: The necklace Lie A algebra is the liezation of the Leibniz algebra L = C{z,y). )

Sketch of proof: We need to show that Com(L) = Leib(L).
Let w be a word of bidegree (n,m), i.e. w € L, ). Then

{zy, w} = (m — n)w.

Part | — Unbalanced case

Let w € V; with ¢ # 0 and let wy, ws be any non-empty subwords of w such that w = wyws. Then

{wiwe — wawy, zy} + {zy, wiws — waw; } = —t(wiwe — wawy)

which implies that w;ws — wow; € Leib(L).
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PART Il — Balanced case

As an example, consider a balanced commutator of z"~™y™ and x™:

1
xnyn _ znfmynxm :n — . ({1,7 $nynJrl} _ {1,’ xnfmynJrlxm})

1
= l{x, xy" Tt — gnmmyntlamy € L2 Leib(L)} C Leib(L).
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PART Il — Balanced case

As an example, consider a balanced commutator of z"~™y™ and x™:

1
xnyn _ xnfmynxm :n — . ({1,7 $nynJrl} _ {ZL‘, xnfmy'rH»lxm})

{z, 2"y T — "My Tg™) € {x, Leib(L)} C Leib(L).

Tn+1

One lifts a balanced commutator to nonzero weight by adjoining a letter y to create an unbalanced
commutator, that already belongs to Leib(R), and pushes it back down with {z, —}.
v
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Define a map as follows

te: N — C[M,, x M,]%"
Class 2F1y!t - abmylm s (X)) o Te(XP Yo XFmytm))

The map tr is a Lie algebra map.?

2V. Ginzburg, Non-commutative symplectic geometry, quiver varieties, and operads, Math. Res. Lett. 2001.
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Example of generating a linear equation

Let A and B are traceless versions of X and Y:

A=X— iTr(X)L;, B=Y - %Tr(Y)L;.

Direct computation shows

{Tr(B?), Tr(A*B)} = -4 Tr(A3B?) — 4 Tr(A’BAB).
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Example of generating a linear equation

Let A and B are traceless versions of X and Y:

A=X— %Tr(X)L;, B=Y - iTr(Y)L;.
Direct computation shows
{Tr(B?), Tr(A*B)} = -4 Tr(A3B?) — 4 Tr(A’BAB).

On the other hand, if we use Cayley-Hamilton Theorem first,
{Tr(B?), Tr(A*B)} = {Tr(B?), % Tr(A%) Tr(A%B) + % Tr(A®) Tr(AB)}

= 4Tr(AB) Tr(AB?) 4+ 2 Tr(A*B) Tr(B?) + % Tr(A?) Tr(B?).

Whenever a new relation emerges, it is incorporated to the candidate ideal of relations, together with
its Poisson bracket with Tr(B2) and Tr(A43). J
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Interpretation by physicists

Robert de Mello Kocha, Antal Jevicki, Hilbert Space of Finite n Multi-matrix Models,
Journal of High Energy Physics, 2025 J

Study of the structure of the space of gauge-invariant operators in a d-matrix model at finite n.

In the dual gauge theory, trace identities eliminate redundant states.

This mechanism highlights a universal feature of quantum gravity — that the true number of
independent observables is far smaller than naively expected from semiclassical considerations.

The growth in the number of secondary invariants at large n mirrors the expected scaling of black
hole entropy.

Primary invariants act freely, naturally giving rise to a Fock space structure.

A compelling interpretation: secondary invariants may correspond to black hole microstates.
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Bukhara, Uzbekistan, 2
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Thank you Manolo for everything and please visit Uzbekistan again!
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