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> [B.S. Deval, M. Hartl and TVdL, Intrinsic tensor products and a Ganea-type extension
of the five-term exact sequence (2026), preprint arXiv:2512.03951v3]
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is currently no characterisation of what is a tensor product in terms of a universal property.

For tensor products of k-vector spaces, we do have

bilinearmap A x B — C

linear map AQk B — C

but this is typical for vector spaces / modules; and it doesn’t give A @ B in terms of (co)limits.

Our approach is to characterise tensor products via commutators.
It is based on ideas of Manfred Hartl (partly going back to work of, notably, Baues, Eilenberg

and Mac Lane) in the context of functor calculus and builds on theory established in
[M. Hartl and TVdL, The ternary commutator obstruction for internal crossed modules,

Adv. Math. 232 (2013)].
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where § is the subspace generated by elements of the form
(a+a)®b—a®b—-a'®b and a®(b+b)—a®b—a@b
AMa®b)—(Na)®b and  Aa®b) —a® (Ab).

In other words, it is the k-vector space generated by A x B, subject to the bilinearity relations.

When the dimensions are finite, dim(A ®y B) = dim(A) - dim(B)
(in contrast to dim(A @ B) = dim(A) + dim(B)).

This construction is valid for modules over a commutative ring with unit.
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for X to be commutative or abelian (xy = yx, for all x, y € X).

Hence it is generated by elements of the form [x, y] = xyx~1y~L.

The abelianisation ab(X) := X/[X, X] of X is its closest approximation by an abelian group
(its reflection in the category Ab of abelian groups).

Higher-order commutators characterise degree of nilpotency:

a group X is nil-2 when the elements [x, y, z] = [x, [y, z]] vanish.
Write Nilz(Gp) for the category of nil-2 groups,

where the commutator [X, X, X] generated by these elements is zero.

Higher of nilpotency orders are defined similarly.

» Ak-Lie algebra X is abelian when [x,y] = 0 for all x, y € X.
So, the commutator [X, X] is generated by the brackets [x, y].

> A (commutative) (associative) k-algebra is abelian when xy = 0.
So, the commutator [X, X] is generated by the products xy.
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Consider a pointed variety of universal algebras ¥ (= its theory contains a unique constant 0).

Aterm t(x1,...,Xn) is a commutator term
when t(x1,...,Xn) = 0 whenever x; = 0 forany 1 < i< m.
Examples:

> In Gp, the constant is denoted 1; we may take u(x,y) = [x,y] = xyx"1y~!

orv(x,y,7z) = [x,y,2] = [x, [y, Z]].
> In Liey, the constant is 0; the brackets [x, y] and [x, [y, z]] are a commutator terms.
» In the variety of associative k-algebras Alg;, the products xy, xyz are commutator terms.

From this perspective, also pure tensors behave as commutator terms:
indeed, a® b € A ®y B is zero as soon as a or b is zero.

How to make sense of this, formally?
> If A®y Bis a commutator, then... a commutator where?
> How to take the bilinearity of the tensor product into account?
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6. The context: semi-abelian categories

[C. Janelidze, L. Marki and W. Tholen, Semi-abelian categories, J. Pure Appl. Algebra 168 (2002)]

We need a zero object: an object 0, both initial and terminal. Assume:
> finite limits and finite colimits exist;

» normal epimorphisms (= cokernels) are pullback-stable;

Vi
> any p o i where i is normal mono (= kernel)
and p is normal epi can be written as mo e Je
where e is normal epi and m is normal mono; Veois
dm

f
> whenever K—~>X=—>Y where k = ker(f)and fos = 1y,
N
k and s are jointly extremal-epic. Hence f = coker(k).

Some non-abelian examples are:

» all pointed varieties of universal algebras with a group operation:
groups, rings, algebras over a reduced operad (Lie, associative, etc.), skew braces;

> loops, Heyting semilattices, cocommutative Hopf algebras, Set;’ .
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Any two objects X and Y in a semi-abelian category 2" induce a short exact sequence

(51)
0 >XoVe X+y—2Y Xy 0.

The kernel X ¢ Y is called the co-smash product of X and Y.
The semi-abelian 2 is abelian iff 2" is linear (= enriched over CMon) iff all X ¢ Y vanish.
In the literature, co-smash products were first used as

1 formal (Higgins) commutators
[S. Mantovani and G. Metere, Normalities and commutators, ). Algebra 324 (2010)];

2 tensor products (of commutative rings).
Our approach here combines these two aspects.

In accordance with the somewhat esoterical microcosm principle,
the co-smash product X ¢ Y itself behaves as a commutator term.
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This determines the abelian core Ab(.Z") of 2" and
the abelianisation functor ab: 2~ — Ab(Z"): X — X/[X, X].

» Examples: abelian groups in Gp; k-vector spaces in Liey or Algy; ...

v

Ab(Z") is an abelian category. In it, all binary co-smashes vanish.
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Examples:
» 1o : X — Z islinear iff 2 is linear (= enriched over CMon) iff 2" is abelian.

» When for each Z in 2, the functor (=) ¢ Z: 2" — Z is linear,
A is said to be a two-nilpotent category. (More later.)

Cross-effects measure polynomiality of a functor just like homology measures exactness.

Any two objects X, Y of 2~ give rise to a short exact sequence
0 ——cra(F)(X,Y)>—> F(X + Y) —> F(X) x F(Y) —> 0.
The bifunctor cra(F): 2" x 2~ — 2 is called the second cross-effect of F.
» cra(F) vanishes iff F is linear.
» If F=1g, then cra(F)(X,Y) = Xo V.

Higher cross-effects give rise to a theory of polynomial functors.
(Higher cross-effects ~ «~~> higher polynomiality degrees.)
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» In general, [[K, L], M] v [K,[L,M]] < [K, L, M];
equality holds in algebraically coherent semi-abelian categories, for K, L, M <1 X.

» An object X such that [X, X, X] = 0 is called two-nilpotent.
These determine the two-nilpotent core Nily(.2") of 2
and the two-nilpotentisation nily: 2" — Nila(Z7): X — X/[X, X, X].

» Nily(Z") is characterised by the condition that all X ¢ Y ¢ Z vanish.
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The case of groups has been known for a while:
[T. MacHenry, The tensor product and the 2nd nilpotent product of groups, Math. Z. 73 (1960)]
If A, B are abelian groups, then their co-smash A ¢ B in Nilz(Gp) is precisely A ®z B.

For a given tensor product ® on an abelian category .<7, can we find
a semi-abelian category 2" such that &/ = Ab(.Z") and ¢ = ®?

We define the concept of a bilinear product in general, look at examples and applications,
and then explain that the answer is, essentially, Yes.
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Xov,Xov] = [[(X),2(V)], 11(X), 2] < [ea(X), e2(Y), 1(X), 2(Y)]

<[
< [Ll (X), Ll(X)7 LQ(Y)] =

(as subobjects of X 4 Y)
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Ab(Z)

niIQ(X) o9 ni|2(Y)

X

In Nil2(Z"), the co-smash product nila(X) o2 nila(Y) is abelian.

Definition

Given X and Y in a semi-abelian category 2, their bilinear product X ® 2~ Y € |Ab(Z")|
is the co-smash product nilz(X) o2 nil2(Y) in the two-nilpotent core Nila(:Z") of 2.

We obtain a functor ® -1 2" x 2 — Ab(Z"): (X,Y) — X®z2 Y.
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In the table, A, B are abelian objects, R is a commutative unitary ring, and G is a group.
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Gp groups Ab AQ®zB
Loop loops Ab A®zB
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Lieg R-Lie algebras Mody A®gr B
Leiby R-Leibniz algebras Mody (A®rB) @ (B®rA)
C*-Alg C*-algebras {0} 0
HSLat Heyting semilattices {0} 0

> Lie algebra representations: Kronecker sum;
> known concepts for internal (pre)crossed modules [D. Arias and M. Ladral, [T. Pirashvilil;

» abelian instance of the Brown-Loday non-abelian tensor product
[D. di Micco and TVdL, An intrinsic approach to the non-abelian tensor product

via internal crossed squares, Theory Appl. Categ. 35 (2020)]
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» Bilinear products are symmetric: XQq Y = Y®g X.
» Bilinear products are bilinear, hence preserve finite coproducts: X®2 0 =0
and since + = @ = x in Ab(Z),
XQ2 (Y+2) = (X®2 Y) x (X®2 Z) = (X®2 V) + X®z Z).
» X®4 (—) is sequentially right exact; it preserves all colimits when 2" is a variety.

» The product ® 2~ on Ab(.Z") is not monoidal in general:
bilinear products may be non-associative or non-unitary.

» However, in the varietal case, ® 9 is closed when it is monoidal.

Suppose / is a unit for ® 2~ on Ab(2") = Vecty when 2~ = Alg,; then in Vecty, we have
k2k®g /= (k&) @Rk =/®/

so that dim(/) = % Impossible! Hence units cannot exist in general.



18. Ganea’s Theorem
[T. Ganea, Homologie et extensions centrales de groupes, C. R. Acad. Sci. Paris Sér. A-B 266 (1968)]
[T. Everaert and TVdL, Baer invariants in semi-abelian categories Il: Homology,

Theory Appl. Categ. 12 (2004)]

Theorem
Any central extension

0 K—>p—Lpa 0 [K,B] =0
in a semi-abelian algebraically coherent category with enough projectives

induces a six-term exact sequence
K®q9 B—> HoB—> HyA —> K—> H{B —>H{A—> 0.
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18. Ganea’s Theorem

[T. Ganea, Homologie et extensions centrales de groupes, C. R. Acad. Sci. Paris Sér. A-B 266 (1968)]
[T. Everaert and TVdL, Baer invariants in semi-abelian categories II: Homology,

Theory Appl. Categ. 12 (2004)]
Theorem
Any central extension
0 K—>p—Lpa 0 [K,B] =0
in a semi-abelian algebraically coherent category with enough projectives

induces a six-term exact sequence
K®q9 B—> HoB—> HyA —> K—> H{B —>H{A—> 0.

> Algebraic coherence:
[A. S. Cigoli, J. R. A. Gray and TVdL, Algebraically coherent categories,

Theory Appl. Categ. 30 (2015)]
» This captures the known results for groups, (pre)crossed modules, associative algebras,
Lie and Leibniz algebras due to Arias, Casas, Ganea, Ladra and Pirashvili.
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For abelian varieties (Mody), there are no other tensor products.

We saw that if 2 is a semi-abelian variety of algebras,
then ® 2 is symmetric and bi-cocontinuous: in both slots,
the bifunctor ® 9 : Ab(Z") x Ab(Z") — Ab(Z") preserves colimits.

What about the converse?

Given an abelian variety &7 with a symmetric bi-cocontinuous bifunctor ®: &7 x &/ — <,
can we recover ® as the bilinear product of a semi-abelian variety 2~ with &/ = Ab(Z")?

Yes!

Theorem

We may let Z" be the variety of algebras over
a certain 2-nilpotent reduced symmetric operad in Ab, constructed out of (<, ®, T). U

Note that the category £~ depends on the symmetry isomorphisms 74 3: A® B — B® A.
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20. Outlook

v

Work out more examples! Understand ® - for all 2.

v

Topological algebras: which topology?

» Ganea'’s exact sequence can be extended through
a semi-abelian version of Whitehead’s universal quadratic functor I'.

v

We have the nilpotent tower of 2"
Ab(Z") = Nilh(Z) S Nilb(Z) < --- S Nil,(Z)<--- = 2
A substantial research project awaits us, where we work out

the functor calculus related to all this, extending for instance
[S. Eilenberg and S. Mac Lane, On the groups H(IL, n) II:

Methods of computation, Ann. of Math. (2) 60 (1954)]

The concepts of a quadratic functor and higher-order polynomial functors

lead to prospective results including (in the very long run) a semi-abelian version
of the Baker—-Campbell-Hausdorff formula.



Happy birthday, Manolo!
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