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Spectral problem

Schrédinger equation
— W, +u(z)V = EV, or (=8 + u)V = EV, (1)

with u(z) satisfying a stationary Korteweg de Vries (KdV) equation
of the celebrated KdV hierarchy.

Now, we are going to focus in sKdV1, the classical nonlinear
stationary KdV equation:

Uyyy — OUL, = 0.

[Drach’s Ideology, 1919:
Integrate (1) as an ODE to obtain a parametric solution W(x; E) ]
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An example.

Take u = 2p(z; g2, g3) = 2p(z) associated to the elliptic curve £
defined by the polynomial Y2 =4X3 — g X — g3

L=—-0%+2p(z) and A3 = —49° +6ud + 30/, (2)
To solve the coupled spectral problem:

Ly=Ey , Asp=py. (3)

Some extra facts:

[L,A3] = LAs —AsL =0 , A3+16L% —4gl +4g3=0.
Then (L, A3) behaves like a point on the algebraic curve defined
by p? + 16E3 — 4g2E + 4g3 = 0, the spectral curve associated to
the coupled spectral problem (3).



Algebro-geometric ODOs < nontrivial centralizers

The theory of commuting ODOs has broad connections with many
branches of modern mathematics:

® Non-linear partial differential equations (find new exact solutions).

® Algebra (the Dixmier or Jacobian or Poisson conjectures, highly
non-trivial and still open).

® Complex analysis. Deformation quantisation. ...

[Zheglov, A., 2020. Algebra, Geometry and Analysis of Commuting
Ordinary Differential Operators]



Our contributions to the commuting ODOs theory are framed in
three items:

e Use effective differential algebra to develop symbolic
algorithms: for parametric factorization of linear ordinary
operators associated to spectral problems.

e Compute new pairs of commuting ODOs.

® Develop spectral Picard-Vessiot (PV) theory, i.e. PV theory
for spectral problems.

For the Schrodinger operator (1), they are contained in a joint
work by J.J Morales, S. L. Rueda, M. A. Zurro

® factorization of KdV Schrédinger operators using differential
subresultants. Adv. Appl. Math., 2020.

® Spectral Picard-Vessiot fields for algebro-geometric
Schrédinger operators . Ann. Inst. Fourier, 2021.


https://doi.org/10.1016/j.aam.2020.102065
https://aif.centre-mersenne.org/articles/10.5802/aif.3425/
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Goals

Use an algebrogeometric approach to study the solutions of the
variational equatio (VE)s around KdV solitons.

1. Compute the spectral problems associated with the method of
separation of variables, and the spectral curve I'.

2. Find the “relations” that allows transport solutions
from the Lax pairs of Schroédinger operators to the Lax pair
associated to VE.

3. Analyze the distinct type of solutions of the VE depending on
the spectral curve I'.

Next we show how to carry out this process for the cnoidal wave.
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The Lax pairs
The KdV equation we studied is

Ur = BUUy — Usex, With u = u(x,t).

1. It can be obtained as the compatibility condition of the Lax
pair of differential operators

L:=—0x+u , A:=—40ux+ 6udy + 3uy,
with Lax equation Ly = [A, L], i. e. and u; = [A, L].
2. In this situation we can consider the differential system

3. If we try to find solutions of problem (4) in separate variables
of the form ¢(x, t) = e/fp(x), then ¢ must be a solution of
the following spectral problem.

Lo=Ep , Ap=pup.
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Traveling waves solutions: v = u(z) with z=x —ct, t = t.
Uy = 6UU, — Uyyy + CU, (5)
Then, the Lax pair is
Lo = E¢, ¢r = Ad, (6)

with & = 9, and A = —403 + (6u + ¢)d + 3u,.

Goal: Find solutions of problem (6) in separate variables of the
form ¢(z,t) = et'tp(z), then ¢ must be a solution of the following
spectral problem.

Lp=Ep , Ap=pp. (7)
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The cnoidal wave

From Wikipedia

"US Army bombers flying over near-periodic swell in shallow water,

close to the Panama coast (1933). The sharp crests and very flat
troughs are characteristic for cnoidal waves”
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The cnoidal wave

® In fluid dynamics, a cnoidal wave is a periodic, nonlinear, and
exact wave solution of the Korteweg-de Vries equation. These
solutions are expressed in terms of the Jacobi elliptic function
cn, hence they are called cnoidal waves.

® The cnoidal wave can be defined by the Weierstrass function ¢

Visualization of the g-function wijch invariants gop = 1 + 1,
g3 = 2 — 3¢, in which white corresponds to a pole, black to a
zero.
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The cnoidal wave
Recall that the cnoidal wave can be defined by the potential
uo(z) = 2p(z) — ¢ where p(z) is the Weierstras function
©(z; g2, g3) associated to the elliptic curve £ defined by the
polynomial Y2 =4X3 — g X — g3.

We denote by w1, ws, w3 := wy + wo its half-periods. Then

e1 = p(w1; 82,83), & = p(ws; 82,83), €3 = p(w2; &2, 83) ,

are the roots of the polynomial 4X3 — g X — g3, and the
half-periods are the roots of ¢’ in a fundamental period
paralelogram €,

go'(w,';gz,g3) =0 3 = 172737 (8)

[G. Pastras, Four Lectures on Weierstrass Elliptic
Function and Applications in Classical and Quantum
Mechanics, Arxiv, 2017.]


https://arxiv.org/abs/1706.07371
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The Weierstrass functions
Fixed a two-dimensional lattice A = 2w1Z + 2wsZ C C,
=N\ {0}
® \Weierstrass eIIiptic function
1
p(z: ) = S+ ( A2>
AEN*
AND ©?(z) = 4p° (Z) 229(z )*g3~
® The Weiersltrass zeta fun(l:tion: .
z
N) =~ —+—].
¢(zA) Z+Z(Z—W+W+W2>
AND (' = —
® Weierstrass sigma function:
z z 1 /2z\2
=TT (1) oo (53
o(z;N) zwg* " exp<W—|—2 "
o'(z 2
AND U((Z) = ((z), then % logo(z) = —p(2).

—
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The spectral curve for the cnoidal wave

We can compute the algebraic curve associated to the spectral
problem (7): We can normalize with the change of parameter
~ c
E=E+ 5 and then
o L —E=-0*42p(z)- E
the Lamé equation: —¢" + 2p(z)p = Ep.
® The associated spectral curve I for the pair of operators L,Z\
is defined by det(W — i) = p? — P(E) C2, where

0 1
b = (- o) V=0

B 20/(2) 4p(z) + 4B\
. ‘<4p(z)—4p2(z)—4£f2—g2 20/(2) >1”‘W"”‘
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Solutions of the Lamé equation
Specifically,
M u?>=P(E) , with P(E):=—16E>+4gE —4g5. (9)
The parametrization of the spectral curve: X(s) = (E(s), u(s))
E(s):=p(1-s), u(s) = —-20-¢'(2-5) ,

A fundamental matrix at each point of I':
® At a non branch point of '

ehs)t 0
®(x,t,s) = P(x — ct,s) ( 0 e—u(S)t>

o1 o) [/ OeC) el 0
—\o P 0 o (267 (5)+e¢(5)) t+¢(5) x

o(x —ct + (—1)*1s)
o(s)o(x — ct)
Weiertrass sigma function and the Weiertrass zeta function

respectively.

with pi =

and o and ¢ are the
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Solutions of the Lamé equation

Next, we have to solve at points in Z :=T N {u = 0}. Hence, we
consider the operator —02 + 2¢p(z) + e; where P(—¢;) =0

® At a branch point P = (—e;,0) € Z and from the Lamé
solutions, we obtain

et 0 Pie P
P(x,t) = ¥(x —ct) < 0 eo.t> - <(90/i,\e,-)' <Pf->'

with @i ¢ == 1//p(z) — & and ¢; = \/p(z) — e, and
z=x—cteQ\{w}.
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KdV Variational equation

Consider ug + €€ and substitute in the equation (5)

Ur = —Uyyy + 6uu, + cu,

Equating in € we obtain the KdV variational equation (VE)

&r = 6”0,25 + (6UO + C)fz —&2zz
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The variational equation

For ug(z) = 2p(z) — ¢, the variational equation considered is the
differential equation:

gT = Mg) (10)

where M = 0,1 and Lo = —92 + (6up + ¢) = —02 + 12p(z).
We confront the study of the third-order operator

M = 33 + 120(2)0, + 12¢/(2). (11)
The (formal) adjoint variational equation is now
=My, with MT = Lyd, = —93 + 12p(2)0,. (12)

To solve the equation (12), we will use the base of solutions
obtained previously associated to the spectral problems of the
Schrodinger operator and its spectral [ curve defined in (9).
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Relation of the solutions spaces

1 solution of (12) LN € := 0,1 solution of (11)
-1
Y = ;1€ solution of (12) & ¢ solution of (11)

In particular:
e If y)(z,7) is a solution of (12), then &(z,7) := 9,9 (z,7) is a
solution of (11).

® We have an algebraic tools to solve (12):
The second symmetric power of L — E.
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The second symmetric power of L — E

® The second symmetric power of L — E, denoted by (L — E)®?,
is defined as a nonzero element of the differential operator
ring with coefficients in the differential ring of polynomials in
E with coefficients rational functions in ug of minimal order
such that (L — E)®?(¢?) = 0 where {1, 2} is a basis of
solutions of L — E.

e Computing:

(I- - E)®2 = —0z22 + 4(“0 - E)az + 2UO,z
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® Define 1 := ¢?, thus ., = 4(up — E), + 2up 1.

® By (6), the time evolution of ¢ is given by
¢r = —4¢zzz + (6ug + €)b, + 3up 26, and then we find that v
is a solution of the following linear differential system of PDE

—z22 + 4(”0 - E)wz + 2UO,Z¢ =0,
—t)e + (2up + 4E + ), —2up 1) =0.

Then, eliminating E in this system, we obtain

Vi + Vzzz — (6U0 + C)wz =Vt + Vzzr — 12@(2)'@2 =0

Then we can recover the adjoint variational equation.
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Closed form solutions of VE
We detail the formulas that we have obtained in the case of the
cnoidal wave.

® At non branch points of ', we have obtained a basis of
solution {11, 2, 13} with

wi = (Z)i(zv 5)2 uis)t 2(2) ) = 1727

B _o(z+s)o(z—s)
¢3 — ¢1¢2 - 0_(5)20_(2)2 - p(S) p(Z) ’
for (Z,S) S (Q \ {wl,wz,W3}) X (Q\{wl,w2,w3}).
® At the branch points B; = (—e;,0), j = 1,2,3, we have
obtained a basis of solution {11 ¢;,%2,¢;, %3¢} With

V16(2) = (F75)7  ¥V26(2) = (96)° » Y3 =1,

for z # wj in a fundamental domain Q
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Closed form solutions of VE

Consequently, we obtain the following formulas for the
corresponding solutions of the variational equation &, = ME.

1. At non branch points of I', we have obtained a basis of
solution {¢1,w2,¢3} with

vi=0:(0r), =12, 3 =0;(¢3) = —¢(2),

for (z,s) € (Q\ {w1,w2,w3}) x (Q\ {w1,w2,ws}).

2. At the branch points B; = (—e;,0), j = 1,2,3, we have
obtained a basis of solution {11, %2} with
—¢'(2)

(p(2) — &)

7/72\,;,- = 82(71}2,61) = —¢/(2),

for z # wj in a fundamental domain Q.

U1e = 0:(Y1,e) =



Lax pair for the cnoidal wave

V. E. around the wave Spectral curve Revisiting the wave Upcoming research
0000000000 8
o]

0000000 (o] 000
0000 (e]e]

Solutions of VE ...

The solution of the variational equation along the cnoidal wave is
studied in [Bottman, B. Deconinck, KdV Cnoidal waves are
spectraly stable, Discrete and Continuous Dynamical
Systems 25, 1163-1180 (2009)] also using the squared
eigenfunction connection, but without any reference to the
Halphen-Hermite spectral bundle.

But, in order to obtain, from the above, all the solutions of the
variational equations on a space defined by suitable boundary
conditions, it is necessary to prove a completeness statement.
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Advantage:

e Effective computation of solution T.

K{p(s)) = Cluo)(9(s)) = K{p(s))(T).

® We describe the analytic character of the computed solution

e PROBLEM: Closed form solutions of VE for general 77
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Spectral curve of an operator L

Let > be an ordinary differential field, C the field of constants,
assumed algebraically closed of characteristic zero.
Generalized Schur's Theorem [Goodearl, 1983]

m
Z(M) =4 > @ |geC,meZ,, with Q=M.

Jj=—00
Commutative differential domain
Z(M) = 2((M)) N Z[0]
Spec(Z(M)) is an abstract algebraic curve I’

Compute the defining ideal of
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Centralizer ord(M) = 3

o Given M € S[9]\C[d], with Z(M) # C[M].
® Z(M) is a free C[M]-module of rank 3.

e {1,A;1,A} basis of Z(M) as a C[M]-module. Each A; is a
monic operator in Z(M)\ C[M] of minimal order

oj := ord(A;) =i (mod 3).

Z(M) = C[M] & C[M]Ay & C[M]A, = C[M, A1, Ad]
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BC ideal ord(M) = 3
Consider:
en : CIA, p1, 2] — X[0]

em(A) =M, em(p1) = A1, em(p2) = A

Image of ey,
Z(M) = C[M, A1, Aj]

Given g € C[A, u1, 2] denote
g(M, A1, A2) = em(g).
We define the Burchnall-Chaundy ideal of M:

BC(M) := Ker(em) = {g € C[A, pu1, p2] | (M, Ay, Az) = 0}.
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Spectral curve for ord(M) = 3
e ord(M) =3 in X[9], Z(M) = C[M, A1, Az], ord(A;) = imod3

e Computing differential resultants:

{ f; :aReS(M*)\,A,’*M,’), i = 1,2
f3r = 8Res(A1 — U1, A2 — Mg)

Moreover f; are irreducible in C[\, pu1, p2] since
BC(L, A;) = (f;) and BC(A1, A2) = (f3). Then we obtain:

(0) C (fi) € (i, ) € (A, 2. f3) € BC(L), i=1,2.
® Define [ := V/(BC(M)) and observe that
rC v:=V(h hh) C B:=V(h hH).

Space algebraic curve [ is the intersection of the irreducible
surfaces defined by fi(\, n1) = 0 and f(A, p2) = 0.
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Spectral curve for ord(M)

3

Theorem: (RZ 2023) BC(M) is a prime ideal

BC(M) = (fl) f27 f3)
Irreducible affine algebraic curve in C3

[ = V(BC(M))

Z(M) ~ C[r] = C[;éw)uz]
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New coefficient field

[BC(M)] is a prime differential ideal of X[\, pu1, pi2]
Differential domain
(A, pa, o]
Y[ =—fF1—1——
[BC(M)]
Its fraction field
x(r)

is a differential field with the extended derivation.
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The intrinsic right factor
ord(M) =3 in X[0], Z(M) = C[L, A1, A2]
Theorem: (RZ 2023) The greatest common right divisor in X(I')[0]
0+ ¢ =gerdM — X\, Ay — p1, Ag — p2)

equals gerd(M — A\, Ay — p1) = gerd(M — A, Ag — p2) and divides
gerd(Ay — p1, Ag — p2)).

Assume M = 93 + 110 + up, then we obtain
M—X=(0"-¢d+u —2¢' +¢°) - (0+¢),
in (I")[0], under the condition

¢ + i1 —36¢ — ug+ ¢ + X = 0.
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1. (Dickson, Gesztesy, Unterkofler, 1999), ¥ = C(x),0 = d/dx,

15, 15
L=0°—50+=5+h.
X X

Z(L) = C[L, /417 A2] y OI'd(Al) — 4./ OI‘d(AQ) — 8

but we have A, = A%.
2. (RZ 2022), ¥ = C(x),d = d/dx
6 12
L=0—-—0+=+h, heC.
X X

Z(L) = C[L, A1, Ap] with ord(A;) = 4, ord(Az) = 5.

First explicit example of a non-planar spectral curve.

The curve defined by BC(L) is a non-planar curve I'
parametrized by

Y
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the cnoidal wave

Non-planar spectral curve
Consider h = 1:

6 12
M=0*- =0+ +1.
X X

The spectral curve:
R(s) = (1 —s3,s* —s°),seC.

The first differential subresultants of M — X, A; — 1 and Ax — o
pairwise are equal to

¢io+ 010, i =1,2,3, j=0,1,

with
pro=(1— N1 — 24 + B 1), pri=(—-12-32 +4%,
p20=(1-X)*— 74(1 My by $p21=(A—-1)° - 74(1_)\)2 + 22

x4 x3

4 8 22 4
¢3,0:_M2 <N1+ Mz_%)j ¢3,1:,U«% 2+ Mzm

Revisiting the wave Upcoming research
o 000
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We have ord(A;) =4 and ord(Az) = 5 thus

Qo
o1,

b= ¢ +[BC(M)], i=1,2,3.

- B —53x3 1 252x2 _4sx + 4
#(s) == ¢i(R(s)) = (s2x2 — 2sx + 2)x

Thus, M+s3—1:83—%6+%+s3, and

M+s3—1= <82 + $(5)0 + B(5)? + 2¢(s) — X62> (0 + ¢(s)).

Thus we can compute a solution of 9 + ¢(s) = 0 to obtain

o(x)=—sx—1In (52x2—2sx+2)+2 In(x) + G
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Around the cnoidal wave

© &= Mg §=e"(2)
* M= —-0%+12p(z)0 + 12¢/(z), and the spectral problem

The spectral curve that support the line bundle:
F == Spec(C[M, Ay, A))
with defining ideal BC(M) = (f1, f, f3), which can be calculated

using the work done with Sonia Rueda on the third order operator.
Pretty long formulas!!!
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Computing

® The operators for the cnoidal wave:

A1 =07 — 280(2)0° — 84/ (2)0* — 560p(2)d® — 560p(z)¢’ (2)0°+
(—6720(p(2))* + 1400(p'(2))? + 2352¢(2)g> + 1560g3) O+
784¢/(2) g2

Ay = 0° — 200(2)0° — 40¢/(2)0% + (—120(p(2))* + 18g2) 0 + 1.

The right factor  + ¢ whose solution is ¢)(z) is given by a formula
depending on (z,P) for P € I'. Then

£ = e (z,v, i1, p2)

with P = (v, ju1, pi2) € [ and v # 0.
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Upcoming research

® J. J. Morales-Ruiz, J. P. Ramis, Z.. Variational equation
around KdV Traveling waves and Differential Galois Theory,
In preparation.

® R. Delgado, R. Hernandez Heredero, Z.. Rational
pseudodifferential operators and integrability conditions,
Project in progress.

® | am working on the full intrinsic factorization of the third
order operator depending on the differential field of its
coefficients.

® Parametric Picard-Vessiot Theory (PPV) is needed for this.
® A new differential tool is needed: PPV over spectral curves !
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Congratulations Manuel!!
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